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Abstract 

In this paper we study the supersingular locus of the reduction modulo p of the 
Shimura variety for GU(1, s) in the case of an inert prime p. Using Dieudonne theory 
we define a stratification of the corresponding moduli space of p-divisible groups. 
We describe the incidence relation of this stratification in terms of the Bruhat-Tits 
building of a unitary group. 

In the case of GU(1,2), we show that the supersingular locus is equi-dimensional 
of dimension 1 and is of complete intersection. We give an explicit description of the 
irreducible components and their intersection behaviour. 
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Introduction 

In this paper we study the supersingular locus of the reduction modulo p of the Shimura va- 
riety for GU(1, s) in the case of an inert prime p. For GU(1, 2) this is a purely 1-dimensional 
variety, and we describe explicitly the irreducible components and their intersection be- 
haviour. 

The results of this paper are thus part of the general program of giving an explicit 
description of the supersingular (or, more generally, the basic) locus of the reduction 
modulo p of a Shimura variety. Let us review previous work on this problem. 

We fix a prime p and denote by A g the moduli space over ¥ p of principally polarized 
abelian varieties of dimension g > with a small enough level structure prime to p. Let 
A s g s be its supersingular locus. If g = 1, this is a finite set of points. If g = 2, Koblitz ([Kb]) 
shows that the irreducible components of A^ s are smooth curves which intersect pairwise 
transversally at the superspecial points, i.e., the points of A2 where the underlying abelian 
variety is superspecial (i.e., is isomorphic to a power of a supersingular elliptic curve). Each 
superspecial point is the intersection of p + 1 irreducible components. 

Katsura and Oort prove in [KOI] that each irreducible component of Af is isomorphic 
to P . In [K02] they calculate the dimension of the irreducible components of A^ s and the 
number of irreducible components of A?f and A^ s . In the case g = 3, Li and Oort show 
in [LO] that the irreducible components are birationally equivalent to a P 1 -bundle over a 
Fermat curve. Furthermore, they compute for general g the dimension of the supersingular 
locus and the number of irreducible components. 



The Fp-rational points of A™ are described independently by Kaiser ([Ka]) and by 
Kudla and Rapoport ([KR2]). They fix a supersingular principally polarized abelian va- 
riety A over ¥ p of dimension 2 and study the F p -rational points of the moduli space of 
quasi-isogenies of A. They cover the F p -rational points of these moduli spaces with sub- 
sets which are in bijection with the F p -rational points of P 1 . The incidence relation of 
these subsets is described by the Bruhat-Tits building of an algebraic group over Q p . The 
number of superspecial points of A^ s is calculated in [KR2]. Each irreducible component 
of A^ s contains p 2 + 1 superspecial points. 

The Fp-rational points of the moduli space of quasi-isogenies of a supersingular princi- 
pally polarized abelian variety of dimension 3 are described by Richartz ([Ri]). In analogy 
to the case g = 2, she defines subsets of the F p -rational points of this moduli space and 
proves that the incidence relation of these sets is given by the Bruhat-Tits building of an 
algebraic group over Q p . She identifies some of these sets with the F p -rational points of 
Fermat curves over F p . 

Now consider the supersingular locus of a Hilbert-Blumenthal variety associated to a 
totally real field extension of degree g of Q in the case of an inert prime p. For g = 2 the 
supersingular locus is studied by Stamm ([St], comp. [KR1]). He shows that the irreducible 
components of the supersingular locus are isomorphic to P 1 and contain p 2 + 1 superspecial 
points. Two components intersect transversally in at most one superspecial point and 
each superspecial point is the intersection of two irreducible components. The number of 
irreducible components and the number of superspecial points of the supersingular locus 
are calculated in [KR1]. 

Bachmat and Goren analyse the case g = 2 for arbitrary prime p ([BG]). They give 
another proof of Stamm's results and prove that in case of a ramified prime p the compo- 
nents of the supersingular locus are smooth rational curves. Furthermore, they calculate 
the number of components in case of an inert or ramified prime p. 

The case of g = 3 and of an inert prime p is studied by Goren in [Gn]. He proves 
that the irreducible components are smooth rational curves. Each superspecial point is 
the intersection of three irreducible components and each irreducible component contains 
only one superspecial point. 

Yu analyses in [Yu] the case of g = 4. He computes the number of irreducible compo- 
nents of the supersingular locus and the completion of the local ring at every superspecial 
point. Furthermore, he shows that every irreducible component is isomorphic to a ruled 
surface over P 1 . 

Goren and Oort analyze in [GO] the Ekedahl-Oort stratification for general g. They 
prove that the supersingular locus is equi-dimensional of dimension [g/2]. 

Finally, consider the supersingular locus of the reduction modulo p of the Shimura 
variety for GU(l,s). In case of an inert prime p, Biiltel and Wedhorn prove that the 
dimension of the supersingular locus is equal to [s/2] ([BW]). 

We will now recall the definition of the moduli space of abelian varieties for GU(r, s). 
We first review the corresponding PEL-data, comp. [Ko2]. Let E be an imaginary quadratic 
extension of Q such that p is inert in E and let Oe be its ring of integers. Denote by * 
the nontrivial Galois automorphism of E. Let V be an S-vector space of dimension n > 
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with perfect alternating Q-bilinear form 

(-,-):VxV^Q 

such that 

(xv, w) = (v, x*w) 

for all x G E and v, w G V. Denote by G the algebraic group over Q such that 

G(R) = {g G GL E ® qR (V ®q R) I (gv,gw) =c(g)(v,w); c{g) G R x } 

for every Q-algebra R. Let E p be the completion of E with respect to the p-adic topology 
We assume that there exists an O^-lattice A in V <8)q Q p such that the form (•, •) induces 
a perfect Z p -form on A. We fix an embedding ipo of E into C whereby identifying E ®q M. 
with C. We assume that there exists an isomorphism of C- vector spaces of V <8>q R with 
C n such that the form (•,•) induces the hermitian form given by the diagonal matrix 
diag(l r , (— l) s ) on C n . We fix such an isomorphism. Then the group is equal to the 
group GU(r, s) of unitary similitudes of diag(l r , (— The nonnegative integers r,s 
satisfy r + s = n. Let h be the homomorphism of real algebraic groups 

h : Res c / R (G mi c) — ► Gr 

which maps an element z G C x to the matrix diag(z r , z s ). Then (E, Oe* , V, (■, G, h) 
is a PEL-datum. Let K be the reflex field of this PEL-datum. Then K is isomorphic to 
E if r ^ s and is equal to Q if r = s. Denote by K p the completion of K with respect to 
the p-adic topology and by ¥ the residue field of K. 

Let A be an abelian scheme over an C^-scheme S of dimension n with Og-action, 
i.e., with a morphism 

l : O e -» End A 

Let <^o and </?i be the two Q-embeddings of -E into K p . Then the polynomial (T — 
<A)(a)) r (^ — ^ll ))* i s an element of Ok p [T]. We say that (A,i) satisfies the Kottwitz 
determinant condition of signature (r, s) ([Ko2] Chap. 5) if 

charpol(a, Lie A) = (T — ^ (a)) r (T - ^i(a)) s G O s [T] 

for all a G 0£- 

We recall the definition of the moduli problem defined by Kottwitz in [Ko2] for these 
PEL-data. Denote by A P r the ring of finite adeles of Q away from p. We fix a compact 
open subgroup C p of G(Ap. We denote by A v the dual abelian scheme of A. Let M. be 
the moduli problem which associates to any Ok p -scheme S the isomorphism classes of the 
following data. 

• An abelian scheme A over S of dimension n. 

• A Q-subspace A of Hom(yl, A v ) <S>z Q such that A contains a p-principal polarization 
(i.e. a polarization of order prime to p). 
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• A homomorphism i: Oe — > End(^4) 8^2^ such that the Rosati involution given by 
A on End(^4) (&i Z( p ) induces the involution * on E. 

• A C p -level structure rj : Hi (A, A p ) F ® Q mod 

We assume that (A, i) satisfies the determinant condition of signature (r, s). 

Two such data (A,\,i,rj) and (A',A,i',^') are isomorphic if there exists an isogeny 
prime to p from A to A', commuting with the action of Oe, carrying 77 into fj 1 and carrying 
A into A . For simplicity we write (A0z^( p ), A, k8>z^( p ),^) for such an isomorphism class. 

The moduli problem M. is represented by a smooth, quasi-projective scheme over 
Spec0if p if C p is small enough ([Ko2] Chap. 5). The relative dimension of M is equal to 
rs. Denote by A4 SS the supersingular locus of the special fibre Mw of M. It is a closed 
subscheme of M.f which is proper over SpecF. Our goal is to describe the irreducible 
components of M ss and their intersection behaviour. 

The supersingular locus M ss contains an F p -rational point ([BW] Lem. 5.2). We will 
view M ss as a scheme over ¥ p . Let x = (A <Siz ^(p)> 1 ®tl ^(p)> ^ ■M ss (F p ) and denote 
by (X, t) the supersingular p-divisible group of height In corresponding to x with en- 
action i. We choose a p-principal polarization A G A and denote again by A the induced 
p-principal polarization of X. By construction (X, 1) satisfies the determinant condition of 
type (r,s). 

We recall the definition of the moduli space J\f of quasi-isogenies of p-divisible groups 
in characteristic p ([RZ] Def. 3.21) in the case of the group GU(r, s). The moduli space 
N over SpecFp is given by the following data up to isomorphism for an F p -scheme S. 

• A p-divisible group X over S of height 2n with p-principal polarization Ax and en- 
action tx such that the Rosati involution induced by A induces the involution * on 
Oe- We assume that (X, t) satisfies the determinant condition of type (r, s). 

• An C?£: p -linear quasi- isogeny p : X — > X x gpec jj; S such that p v o Aop is a Q p -multiple 
of X x in Rom OEp (X, A v ) ® z <Q>. 

The moduli space M is represented by a separated formal scheme which is locally 
formally of finite type over ¥ p ([RZ] Thm. 3.25). 

We recall the uniformization theorem of Rapoport and Zink ([RZ] Thm. 6.30). We 
will formulate this theorem only for the underlying schemes, not for the formal schemes. 
Let I(Q) be the group of quasi-isogenies in Endo E {A) <g> Q which respect the homoge- 
neous polarization A. As GU(r,s) satisfies the Hasse principle (cf. 6.3), there exists an 
isomorphism of schemes over ¥ p 

I((Q)\(M red x G(A p f )/C p ) M ss . 

In Section 6 we will show, in the case of GU(1, 2), that A4 SS is locally isomorphic to M red 
if C p is small enough. 
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We now state our results. We assume that p ^ 2. Let k be an algebraically closed field 
extension of ¥ p and let (X, p) be an element of M(k). As the height of the quasi-isogeny 
p is divisible by n (Lem. 1.7), we may define the morphism k : M — > Z by sending an 
element of M to the height of the quasi-isogeny divided by n. The fibres Mi of k define a 
disjoint decomposition of M into open and closed formal subschemes. In fact, Mi is empty 
if ni is odd and Mi is isomorphic to Mo if ni is even (Lem. 1.9, Prop. 1.22). For the rest 
of this introduction, we fix an integer i with ni even. 

From now on we assume that r is equal to 1. Let C be a Q p 2-vector space of dimension 
n. We choose a perfect skew-hermitian form {•, •} on C such that there exists a self-dual 
Z p 2-lattice in C if n is odd and such that there exists no self-dual Z p 2-lattice if n is even. 
Denote by H the special unitary group of (C, {•, •}) over Qp and denote by B(H, @ p )simp 
the simplicial complex of the Bruhat-Tits building of H. We associate to each vertex A of 
B(H,Qp) s i mp a subset V(A)(k) of Mi(k). In Section 3 we attach to each vertex A an odd 
integer I with 1 < I < n, the type of A. The type classifies the different orbits of the action 
of H(Q P ) on the set of vertices of B(H, Q p ) s i mp . We call a point of Mi(k) superspecial if the 
underlying p-divisible group is superspecial, i.e., if the corresponding Dieudonne module 
M satisfies FM = VM. Vertices of type 1 correspond to superspecial points of Mi(k).We 
prove the following theorem (Prop. 2.6, Prop. 3.5, Thm. 3.6) 

Theorem 1. The setsV(A)(k) cover Mi(k). 

Let A and A' be two different vertices of B(H, Q p ) s imp of type I and I' respectively. 
Then the intersection ofV(A)(k) and V(A')(k) is nonempty if and only if one vertex is a 
neighbour of the other or if the corresponding vertices have a common neighbour of type 
I" < mm{l,l'}. 

We associate to each vertex A G B(H, Q p ) s imp a variety Y\ over ¥ p such that for each 
algebraically closed field extension k of ¥ p , we have a bijection of Y\(k) with V(A)(fc). Let 
I be the type of A and let U be the unitary group of an /-dimensional hermitian space over 
¥ p 2. We obtain the following theorem (Prop. 2.18, Thm. 2.21). 

Theorem 2. The variety Y\ is projective, smooth and irreducible and its dimension is 
equal to d = (I — l)/2. 

a) There exists a decomposition of'Y\ into a disjoint union of locally closed subvarieties 

d 

Y A =tyX Pj ( Wj ), 

3=0 

where each Xp^Wj) is isomorphic to a Deligne-Lusztig variety with respect to the 
group U and a parabolic subgroup Pj of U . 

b) For every c with < c < d, the locally closed subvariety Xp c (w c ) is equi- dimensional 
of dimension c and its closure in Y\ is equal to 1+1 j =0 Ap 3 (wj). The variety Xp d (wd) 
is open, dense and irreducible of dimension d inY\. 
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c) For every c with < c < d, the subset l+)j =0 Xp j (wj)(k) ofY\(k) corresponds to the 
subset |J A , V(A')(k) in Mi{k) where the union is taken over all neighbours A' of A of 
type (2c + 1). 

In the case of GU (1,0) and GU(1, 1), the scheme A/"o ed is a disjoint union of infinitely 
many superspecial points. 

In the case of GU(1, 2), we define for each vertex A of type 3 a closed embedding of Y\ 
into Ao such that for every algebraically closed field extension k of ¥ p the image of Y\ (k) 
in Mo{k) is equal to V(A)(/c). We denote by V(A) the image of 1a- Let C be the smooth 
and irreducible Fermat curve in P§ given by the equation 

£Cq — \~ 00 ^ ~\~ — 0. 

We show that the varieties V(A) are the irreducible components of Mi and prove the 
following explicit description of M red (Thm. 5.16). 

Theorem 3. Let (r, s) = (1,2). The schemes M[ ed , with i G Z even, are the connected 
components of M red which are all isomorphic to each other. Each irreducible component 
of M red is isomorphic to C. Two irreducible components intersect transversally in at most 
one superspecial point. Each irreducible component contains p 3 + 1 superspecial points and 
each superspecial point is the intersection ofp+1 irreducible components. 

The scheme Af red is equi- dimensional of dimension 1 and of complete intersection. 

Using the uniformization theorem, quoted above, we obtain the following conclusions 
for A4 SS if C p is small enough (Cor. 6.6). 

Theorem 4. Let (r,s) = (1,2). The supersingular locus M ss is equi- dimensional of di- 
mension 1 and of complete intersection. Its singular points are the superspecial points of 
M. ss . Each superspecial point is the pairwise transversal intersection of p + 1 irreducible 
components. Each irreducible component is isomorphic to C and contains p 3 + 1 superspe- 
cial points. Two irreducible components intersect in at most one superspecial point. 

Let J be the group of similitudes of the isocrystal of (X, l, A), or equivalently, the group 
of similitudes of (C, {•, •}) (1.19). Denote by J° the subgroup of all elements g £ J such that 
the p-adic valuation of the multiplier of g is equal to zero. Let Cj iP and C' Jp be maximal 
compact subgroups of J such that Cj iP is hyperspecial and C' Jp is not hyperspecial. We 
obtain the following corollary (Prop. 6.7). 

Corollary 5. We have 

^{irreducible components of M ss } = #(/(<Q>)\( J/C,j, p x G{k p f )/C p )), 
^{superspecial points of M ss } = #(/(Q)\( J/C' J>p x G{K p f )/C p )), 
^{connected components of M ss } = #(/(Q)\(J°\ J x G(A p f )/C p )) 

= #(/(Q)\(Z x G{K p )/C p )). 
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This paper is organized as follows. In Section 1 we describe the set M(k) for GU(r, s) 
using classical Dieudonne theory. From Section 2 on we assume r = 1. Section 2 contains 
the definition of the sets V(A)(k) for a lattice A in an index set Ci for every integer i. Fur- 
thermore, we prove Theorem 2. In the next section, we identify the index set Ci with the 
set of vertices of B(H, Q p ) and analyse the incidence relation of the sets V(A)(fe) (Thm. 1). 
Sections 4 and 5 deal with the special case GU(1,2) and Theorem 3 is proved in Section 
5. Here our main tool is the theory of displays of Zink ([Zi2]) which is used to construct 
a universal display over Mq £(1 . The last section contains the transfer of the results on the 
moduli space M to the supersingular locus M ss (Thm. 4, Cor. 5). 

We now explain why we restrict ourselves to the signature (1, s). In the case GU(r, s) 
with 1 < r < s, it is not clear how to obtain a similar decomposition of M(k) into subsets 
V(A)(fc) as above. In particular, one should not expect a linear closure relation order of 
strata as stated in Theorem 2. 

In the case r = 1, we expect that the pointwise decomposition of N given here can be 
made algebraic. However, it seems not to be promising to construct a universal display 
over each variety Y\ by using a basis of the isodisplay and the equations defining Y\. 
Indeed, for increasing s, these equations become quite complicated. 

Acknowledgements. I want to thank everybody who helped me writing this paper. Special 
thanks go to M. Rapoport for his advice and his interest in my work. I want to express 
my gratitude to U. Gortz and E. Viehmann for helpful discussions on this subject. I am 
indebted to T. Wedhorn for enduring all my questions. Furthermore, I thank S. S. Kudla, 
Th. Zink and the referee for useful remarks on an earlier version of this paper. 

1 Dieudonne lattices in the supersingular isocrystal 

for GU(r,s) 

1.1. In sections 1 to 5 we depart from the introduction and denote by E an unramified 
extension of Q p of degree 2 with Let Oe be its ring of integers. We fix a positive 

integer n and nonnegative integers r and s with n = r + s. Let X be a supersingular 
p-divisible group of height 2n over ¥ p with O^-action 

i : O e -» EndX 

such that (X, i) satisfies the determinant condition of signature (r, s), i.e., 

charpo% p (a,LieX) = (T — (p (a)) r (T — ifi(a)) s £¥ p [T] (1.1.1) 

for all a £ Oe- Here we denote by ipo and ipi the different Z p -morphisms of Oe to ¥ p . 
Let A be a p-principal quasi-polarization of X such that the Rosati involution induced by 
A induces the involution * on Oe- 

Consider the moduli space J\f over SpecF p given by the following data up to isomor- 
phism for an F p -scheme S. 
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• A p-divisible group X over S of height 2n with p-principal polarization Ax and en- 
action lx such that the Rosati involution induced by Ax induces the involution * on 
Oe- We assume that (X, i) satisfies the determinant condition of signature (r,s). 

• An 0#-hnear quasi-isogeny p : X — > X x Spcc ^ S such that p v o A o p is a Q p -multiple 
of A x in Hom OE (A, ^ V ) ®z Q- 

The moduli space AA is represented by a separated formal scheme which is locally formally 
of finite type over ¥ p ([RZ] Thm. 2.16). Our goal is to describe the irreducible components 
of N and their intersection behaviour. 

1.2. We will now study for any algebraically closed field extension k of ¥ p the set M(k). 
Let W(k) be the ring of Witt vectors over k, let W(k)q be its quotient field and let a be 
the Frobenius automorphism of W(k). We write W instead of W(¥ p ). Denote by M the 
Dieudonne module of X and by N = M Q the associated supersingular isocrystal of 
dimension 2n with Frobenius F and Verschiebung V . The O^-action i on X induces an 
-E-action on N. The p-principal polarization A of X induces a perfect alternating form 

(•,•): Ax N ^Wq 

such that for all a <G E and x, y of N 

(Fx,y) = {x,Vyr (1.2.1) 

and 

(ax,y) = (x,a*y). (1.2.2) 

Denote by A& the isocrystal N <S>Wq W(1c)q. For a lattice M C JVj, we denote by 

M ± = {y € A fe | (y, M) C (1.2.3) 

the dual lattice of M in A& with respect to the form (•,•). By covariant Dieudonne 
theory, the tangent space LieX can be identified with M/VM and we obtain the following 
proposition. 

Proposition 1.3. For any algebraically closed field extension k of ¥ p we obtain the fol- 
lowing identification. 

Af(k) = {M C A fc a W(k) -lattice | M is F-, V- and Oe -invariant, 

charpol fe (a, M/VM) = (T — M a )Y( T ~ M a )Y for all a G O e , (1.3.1) 
M = $M^ for some i € Z}. 

1.4. We will now analyze the set Af(k) in the form of (1.3.1). Consider the decomposition 

E ®q p W{k) q * W(k) Q x W(k) Q (1.4.1) 
o®n-> (ipo(a)x, (p±(a)x) 
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given by the two embeddings tpi : E <^-> W(A;)q. It induces a Z/2Z-grading 

= iVfc,o © iV M (1.4.2) 

of N k into free W(A;)q)-modules of rank n. Furthermore, each N k j is totally isotropic with 
respect to (■, •) and F induces a <r-linear isomorphism F: Nk,i — > iVfc,i+i. We obtain Oe®z v 
W(k) = W(k) x W(k) analogous to (1.4.1). Therefore, every (^-invariant Dieudonne 
module M C N k has a decomposition M = Mq © M\ such that F and V are operators of 
degree 1 and Mj C N k ,i- For an O^-lattice M in iVfc we will always denote by Mq © M\ 
such a decomposition. Furthermore, for Mj we define the dual lattice of Mj with respect 
to (-, •) as 

Mt = {y €N k , i+1 | (y,Mi) C W(k)} 

For VF(fc)-lattices L and L' in a finite dimensional W (k)tQ-vectox space, we denote 
by [L 1 : L] the index of L in L'. If L C I', the index is defined as the length of the 

W(k)-module L'/L. If [V : L] = m, we write L C L'. In general, we define 

[L 1 : L] = [L' : L D L'] — [L : LDL']. 

Lemma 1.5. Let M = Mq © Mi be an Oe -invariant lattice of N k . Assume that M is 
invariant under F and V. Then M satisfies the determinant condition of signature (r,s) 
if and only if 

P M c FM\ c M (1.5.1) 

pM 1 C FM C Mi. (1.5.2) 

Proof. Consider the decomposition 

M/M = Mo/VMi © Mi/VM . 

The determinant condition is equivalent to the condition that VM\ is of index r in Mq 
and VMo is of index s in Mi . Since FV = VF = p id^ , we obtain that pM\ is of index r 
in FMq and pMq is of index s in FM\ . □ 

1.6. Let Mfc = Mfc 5 o © M^i be the Dieudonne module of Xfc as in 1.2. For a Dieudonne 
lattice M € Af(fc), denote by vol(M) = [M k : M] the volume of M. 

Lemma 1.7. Let M € M(k). If M = p'M 1 /or some integer i, then vol(M) = ni. 

Proof. Since both vector spaces Nk o and iV^i are maximal totally isotropic with respect 
to (-,■), the condition M = p'M 1 is equivalent to the two conditions 

p i M ± = M 1 , 
p l M^ = M Q . 
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By duality the last two conditions are equivalent. We obtain 

vol(M) = [M M : M ] + [M M : M x \ 
= [M^ : M£ ] + [M M : M ± ] 
= [p- l M 1 : M M ] + [M M : M 1 ] 
= ni 

which proves the claim. □ 

1.8. Let M £ J\f{k) and let (X, p) be the corresponding p-divisible group and quasi-isogeny. 
Denote by ht(/o) the height of p. Then hi{p) = vol(M). As the hight of a quasi-isogeny of 
p-divisible groups over S is locally constant over S, we obtain by Lemma 1.7 a morphism 

k:M^Z (1.8.1) 

(X,p)^-ht(p). 
n 

For i <G Z the fibre Mi = is the open and closed formal subscheme of M of quasi- 

isogenies of height ni. 

Lemma 1.9. If ni is odd, the formal scheme Mi is empty. 

Proof. Let M be an element of M(k). Since both and M satisfy the determinant 
condition of signature (r, s), we obtain by Lemma 1.5 that 

vol(M) = [M M : M ] + [M M : Mi] 

= [M M : M ] + [FM M : FMJ 

= 2[M M : M ] + [FM kA : M M ] + [M : FM{\ 

= 2[M M : M ]. 

Hence vol(M) is even, i.e., ni is even. □ 

1.10. Let Nk = 7Vfc,o © ^Vfc,i be as in 1.4. To describe the set M(k), it is convenient 
to express M(k) in terms of iV^o- Let r be the u 2 -linear operator V~ 1 F on N k . Then 
Nkfl and Nk t i are both r-invariant. Denote by Q p 2 the unique unramified extension of 
degree 2 of Q p in Wq and denote by Z p 2 its ring of integers. Since the isocrystal is 
supersingular, (AT fc ,r) is isoclinic with slope zero. Thus (A^fc j,r) is isoclinic of slope zero 
for i = 0, 1, i.e., there exists a r-invariant lattice in TV^. For every r-invariant lattice 
Mj C iV^j, there exists a r-invariant basis of Mj (Thm. of Dieudonne, [Zil] 6.26). Let C 
be the Q p 2-vector space of all r-invariant elements of iV^o and let Mq be the Z p 2-module 
of r-invariant elements of Mo. We obtain 

M = Mq ® Zp2 W(k), 

Mq is a lattice in C and 

N kfi = C®Q p2 VF(/c) Q . 

Note that the Q p 2 -vector space C does not depend on k. We write C k for the base change 
C® Qp2 W(k) Q . 
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1.11. We define a new form on Ck by 

{x,y} := (x,Fy). 

This is a perfect form on Ck linear in the first and cx-linear in the second variable. By 
(1.2.1) we obtain the following property of {•, •} 

{x,y} = -{y,r- l (x)r, (1.11.1) 

which in turn implies 

{T{x),T{y)} = {x, V y 2 . (1.11.2) 

For a W(fe)-lattice L in C^, denote by L v the dual of L with respect to the form {-,-} 
defined by 

L v = {y eC k | {y,L} cW(k)}. (1.11.3) 

We obtain by (1.11.1) that 

(L v ) v = r(L). (1.11.4) 

In particular, taking the dual is not an involution on the set of lattices in Ck- The identity 
(1.11.2) implies that 

r(L v ) = r(L) v . (1.11.5) 

The form {•, •} on Ck induces by restriction to C a perfect skew-hermitian form on C 
with respect to Q p 2/Q p which we will again denote by {•, •}. For the perfect form to be 
skew-hermitian means that it is linear in the first and a-linear in the second variable and 
we have 

{x,y} = -{y,x} a , 

where the Frobenius a is an involution on Q p 2. 

It is clear that for each r-invariant lattice A of Ck we obtain 

(A V ) T = (A T ) V , (1.11.6) 

where the second dual is taken with respect to the skew-hermitian form {•, •} on C. 

Proposition 1.12. There is a bijection between N(k) and 

V{C){k) = {lattices A C C k \ p i+1 A v cAc pM v , for some i £ Z}. (1.12.1) 
The bijection is obtained by associating to M = Mq © Mi <G M(k) the lattice Mq in Ck- 
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Remark 1.13. Note that by duality and (1.11.4) the chain condition 

is equivalent to the chain condition 

p-V(A) Ci v c p-^riA), 

which is equivalent to 

p l+1 A v Cr(A)Cp l A\ 



(1.13.1) 



(1.13.2) 



Definition 1.14. An element M G N{k) is called superspecial if F(M) = V{M), i.e., if 
M is t --invariant. A lattice A C C is superspecial if and only if A is r -invariant. 

Note that M is superspecial if and only if the corresponding lattice A = Mo is super- 
special. 

1.15. Proof of Proposition 1.12. 

Let M = Mo © M\ be an Og-invariant lattice which is stable under F and V . 

Claim: M = p l M L with respect to (•, •) if and only if FM\ = p m M v . 
Indeed, the lattice M is equal to p l M- L if and only if p l M$ = Mi (proof of Lem. 1.7). We 
have 

F{M^) = {y G N k>0 | (F-^Mq) C W(fc)} 
= {l/6%irVMo}C^)} 
= pM v 

which proves the claim. 

Let M be an element of the set J\f(k). Since FM\ is equal to p l+1 M^ for some ieZ, 
we obtain from (1.5.1) for Mq = ^4 the chain condition 



P 



* +1 A v c A C jM v . 



(1.15.1) 



Hence ^4 is an element of V(C)(k). Conversely, associate to a lattice A of V(C)(k) the 
lattice A © F" 1 (p* +1 J 4 v ) C iV^o © -Wfc,i. It is an element of M{k) by the same arguments. 
□ 

Lemma 1.16. Let t G Z* 2 with t a = —t and let V be a Q p 2-vector space of dimension n. 
Let L n be the identity matrix of rank n and let J n be the matrix 



(p 



V 
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There exist two perfect skew-hermitian forms on V up to isomorphism. These forms 
correspond to tl n and to t.J n respectively. Furthermore, if M is a lattice in V and i G Z 
with 

p i+1 M v CMC p { M v , (1.16.1) 

then s = ni mod 2 in the first case and s ^ ni mod 2 in the second case. In particular, the 
form t \ r ] is isomorphic to the form tl n if s is even and is isomorphic to t.J n if s 



is odd. 



pL 



Proof. Let {•,•} be a perfect skew-hermitian form on V . Let U be the unitary group over 
Q p associated to the pair (V, {•, •}). As ff^Qp, U) = Z/2Z ([Kol] §6), there exist two non 
isomorphic skew-hermitian forms on V. Choose a basis of V. 

Claim: The skew-hermitian forms on V corresponding to the matrix tl n and to the 
matrix tJ n are not isomorphic. 

Indeed, assume that these forms are isomorphic. Then there exists a lattice M in V 
with M = M v and a lattice L in V with 

., n— 1 1 >, 

P L V C Lc L v . 
Let k be an integer such that L v is contained in p k M. We obtain 

p~ k M CLCL V C p k M. 

Thus 2/cn = 21 + 1 which is a contradiction. Therefore, the two forms are not isomorphic. 

Let M be a lattice in 1/ which satisfies (1.16.1). A similar index argument as above 
shows that s = ni mod 2 if the skew-hermitian form is isomorphic to tl n and s ^ ni mod 2 
in the other case. □ 

Lemma 1.17. Let V be a Q p 2-vector space of dimension n and let {•,•} be a perfect 
skew-hermitian form on V . Let M C V be a Z p 2-lattice with 

pM y CMC M v . (1.17.1) 

Then there exists a basis of M such that the form {•, •} with respect to this basis is given 
by the matrix 

Pis; 

Proof. The lemma is proved by an analogue of the Gram-Schmidt orthogonalization. □ 

Proposition 1.18. There exists a basis of C such that the form {•, •} with respect to this 
basis is given by the matrix (tl n ) if s is even and by (tJ n ) if s is odd. 

In particular, the isocrystal N with OE-action and perfect form (•,-) as in 1.2 is 
uniquely determined up to isomorphism. 
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Proof. The image of the Dieudonne lattice M*. G M(k) under the bijection of Proposition 
1.12 satisfies 

P Ml c M fc)0 C M£ . 

Thus the proposition follows from Lemma 1.17. □ 

1.19. Let J be the group of isomorphisms of the isocrystal N with additional structure, 
i.e., 

J = {g£ GL mQpW( p p)Q (N) | Fg = gF; (gx,gy) = c(g){x,y) 

with c(g) G (W(¥ P ) Q ) X }. 

Then J is the group End0 B)A (X) x of O^-linear quasi- isogenies p of the p-divisible group 
X of 1.1 such that A o p is a Q* -multiple of p v o A. 

An element g G J acts on M by sending an element (X, ix , Ax , p) to (X, lx , Ax ,gop). 
Consider the decomposition iV = iVo © N± of the isocrystal N as in 1.4. We will show that 
J can be identified with the group of unitary similitudes of the hermitian space (C, {•, •}). 

Indeed, let g G J. As g is O^-linear, it respects the grading of N. Since g commutes 
with F, the action of g on N is uniquely determined by its action on Nq and we obtain 
{gx,gy} = c(g){x,y} for all elements x,y G Nq. As g commutes with r, it is defined over 
Q p 2, i.e., an automorphism of Nq = C. In particular, c(g) G Q p 2. 

Let v p be the p-adic valuation on Q p 2 . It defines a morphism : J — > Z by sending an 
element g £ J to v p (c(g)). Denote by J° the kernel of 0. 

For p G End^^ A (X) X , let g G J be the corresponding automorphism of the isocrystal 
and let a = v p (c(g)). We obtain gM = c(g)(gM)- L , hence by Lemma 1.7, the height of p 
is equal to na. By 1.8 the element g defines an isomorphism of Mi with A/i+ a for every 
integer i. 

Lemma 1.20. The image of 6 is equal to Z if n is even and equal to 2Z if n is odd. 

In particular, there exists a quasi-isogeny p G Ende) Ei A(^) of height h G Z if and only 
if h is divisible by n if n is even and if h is divisible by 2n if n is odd. 

Proof. For g = pidjv we have c(g) = p 2 . If n is odd, the same argument as in Lemma 1.9 
shows that the image of 9 is contained in 2Z. Thus we may assume that n is even. It is 
sufficient to show that there exists an element g G GL(C) such that {gx, gy} = p{x, y} for 
all x,y G C. 

Let T\ and T2 be the matrices in GL(C) given by 



Ti 



( P\ 



V J 



By Lemma 1.16 the perfect skew-hermitian form on C induced by tT\ is isomorphic to 
tl n and the perfect skew-hermitian form induced by tT2 is isomorphic to t,J n . We set 
g = diag(p n / 2 , l n / 2 ). Then g satisfies the claim. □ 
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1.21. For igZwe denote by T>i(C)(k) the image of Mi(k) (1.8) under the bijection of 
1.12, i.e., 

Vi(C)(k) = {Ae V(C)(k) | p i+1 A y CAC p i A y }. (1.21.1) 
We have a decomposition of V(C)(k) into a disjoint union of the sets T>i(C)(k), 

V{C){k) = \$V i (C)(k). (1.21.2) 

The sets T>i(C)(k) are invariant under the action of r on T>(C)(k). By Lemma 1.9 we 
know that T>i(C)(k) is empty if m is odd. 

Proposition 1.22. Let i be an integer such that ni is even. If n is even, let g be an 
element of J such that v p (c(g)) = —1 (Lem. 1.20). There exists an isomorphism 

Vi-.Ni^ATo (1.22.1) 

such that the following holds. If i is even, induces on k-rational points the bijection 

*i : T>i{C){k) V (C)(k) 
A I— > p~%A 

and if i is odd, Vl/j induces the bijection 

*i : T>i(C)(k) T> (C)(k) 
A i — ^ p - ^ 1 ^^). 

Proof. If i is even, the multiplication p~ 1 / 2 : X — > X defines an isomorphism of Mi with A/"o 
which satisfies the claim. If i is odd, the quasi-isogeny p(~ t+i y 2 g induces an isomorphism 
of Mi with Mo which satisfies the claim. □ 

2 The set structure of J\f for GU(1, s) 

2.1. From now on, we will restrict ourselves to the case of GU(1, s). Our goal is to describe 
the irreducible components of Mi for any integer i with ni even. In this section we will 
define irreducible varieties over ¥ p of dimension equal to the dimension of Mi such that the 
fe-rational points of these varieties cover Mi(k) for every algebraically closed field extension 
k of F p . 

We will always denote by k an algebraically closed field extension of F p . Let Ck be the 
VF(/c)Q-vector space of dimension n = s + 1 with cr 2 -hnear operator r as in 1.10. By 1.11 
the vector space Ck is equipped with a perfect form {•, •} linear in the first and cr-linear 
in the second variable which satisfies 

{x,y} = -{y,r' 1 (x)r 
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for all x,y € C^. By Proposition 1.18 the restriction of {•,•} to C is a perfect skew- 
hermitian form equivalent to the skew-hermitian form induced by tl n if n is odd and 
equivalent to t.J n if n is even. 

Let i <G Z. The set T>i(C)(k) as in (1.21.1) consists of all lattices ^4 in Ck such that 

|, ,+1 i v a B CpM v . (2.1.1) 

Equivalently, 

1 n— 1 

AVrfyl) c pM v . (2.1.2) 

By Lemma 1.9 we know that T>i(C)(k) is empty if ra is odd. If ni is even, the set T>i{C){k) 
is nonempty by Proposition 1.22. Therefore, we will always assume that ni is even. 

We need the following crucial lemma. 

Lemma 2.2. Let A be a lattice in T>i(C)(k). There exists an integer d with < d < s/2 
and such that 

A = A + t{A) + ... + T d {A) 
is a r-invariant lattice. If d is minimal with this condition, we have 

p i+1 A v C p i+1 A v CACA ""c" 1 |/A V C p*A y (2.2.1) 
and p t+1 A v is of index (2d + 1) in A. 

The proof of Lemma 2.2 will use explicitly that the index of p l+1 A y in A is equal to 1. 
It does not work in the case of general index. 

Proof. For every nonnegative integer j, denote by Tj the lattice 

Tj = A + t{A) + ... + t\A). (2.2.2) 

We have 

T j+1 = Tj + t(Tj). (2.2.3) 

Let d > be minimal with Tj = r(Trf), i.e., t(Tj) ^ Tj for every < j < d. Such an 
integer exists ([RZ] Prop. 2.17). If d = 0, there is nothing to prove, hence we may assume 
that d > 1. 

Claim: If d > 2, then for 2 < j < d 

T(Tj_ 2 ) c CT,- (2.2.4) 

r(T,_ 2 ) C riTj-JcTj. (2.2.5) 
In particular, v4 = T is of index j in Tj. 
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Indeed, if j = 2 we obtain p i+1 A y C A and p i+1 A v C r(A) by (2.1.1) and (2.1.2). 
Hence either A = t(A) or A and t(A) are both of index 1 in T\ = A + r(A). Since d > 1, 
the second possibility occurs. As A is of index 1 in 7\, the lattice t(A) is of index 1 in 
r(Ti). We obtain that either T\ = t(T\) or that T\ and t(T\) are both of index 1 in 
T2 = T\ + r(Ti). Since d > 2, the second possibility occurs which proves the claim for 
j = 2. The general case follows by induction on j. 

We will now show that T d is contained in T)[ . By (2.1.1) and (2.1.2), we have 

A + r{A)Cp l A v Cp^TiA), 
t(A) + t 2 (A) C pV(^l) v Cp- 1 r(A), 

hence 

A + t{A) + t 2 {A) Cp _1 r(A). (2.2.6) 

Using (2.2.6) we obtain 

Td = A + ... + r d (A) 

Since is r-invariant, is contained in p~ l r l (T d ^i) for every integer I, thus 
Now 

fV(^-i) = fV^)- ( 2 - 2 - 7 ) 

Indeed, this is clear if d = 1 since To = A. If <i > 2, we obtain by (2.2.4) and (2.2.5) that 

T d _ 1 f\T{T d _ 1 )= T {T d _ 2 ), 

hence 



f]r l (T d ^) = f]r l (T d ^) 



lei i& 

and (2.2.7) follows by induction. Since d > 1, we have A 7^ t(A), and hence A n t(A) = 
pi+i^v by (2.1.1) and (2.1.2). We obtain 

T d C P l f]r l (A) v . (2.2.8) 

lei 

Dualizing (2.2.2) for j = d shows that 

r d v = i v n...nrV). 
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hence by (2.2.8) 

T d C P l f]r l (Ay 

The last equality is satisfied because Tj, and hence Tj, are r-invariant. We obtain 

p i+1 T% C p i+1 A v cAcT d C p { T y d P^ V - (2-2.9) 

s 

Using (2.2.9) and A C p l A we see that d < s/2 which proves the claim. □ 
Definition 2.3. For i G Z with ni even, let Ci be the set of all lattices A in C satisfying 

pl +i A v c A c p*A v . (2.3.1) 

Lei £ = l+|j eZ £j 6e i/ie disjoint union of the sets Ci. We say that A £ Ci is of type I, if 

p t+1 A v is of index I in A. Denote by C^p the set of all lattices of type I in Ci. For A G Ci 
let A k = A (g>z p2 W(k). We define 

V(A)(fc) = {Ac A k \p i+1 A y cA}. (2.3.2) 

Remark 2.4. a) Let A G £j. The type Z of A is always an odd integer with 1 < I < n. 
Indeed, it is clear that 1 < I < n. Since ni is even, the integer n — I is even if and 
only if n is odd (Lem. 1.16). 

b) By 1.10 and 1.11, there is a bijection between Ci and the set of all r-invariant lattices 
in C k which satisfy (2.3.1). Via this bijection the superspecial lattices in T>i(C)(k) 
correspond to the lattices A G Ci of type 1. 

c) Let A G Ci. By duality a lattice A in V(A)(fc) satisfies 

p i+l A k C p i+1 A y k C p i+1 A y C A C A fc . (2.4.1) 

d) The isomorphism of Proposition 1.22 induces for every i an isomorphism vl/j of 
4° with 4° such that V(*i(A))(fe) = *i(V(A)(ife)). 

2.5. The sets V(A)(fc) will be identified with the fc-rational points of an irreducible smooth 
variety. In Section 5 we will prove that for GU(1, 2) the varieties corresponding to lattices 
A of maximal type are isomorphic to the irreducible components of J\f. We will start with 
some basic properties of V(A)(k). 

Proposition 2.6. a) We have T>i(C)(k) = Uae£- ~^(^-)(^)- ^ n particular, Ci ^ 0. 
b) ForAeCi and A' G Cj with i / j, we have V(A)(k) n V(A')(fe) = 0. 
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c) Let A and A 1 be elements of Li. 

(i) If Ac A', then V(A)(k) C V(A')(k). 

(ii) We have 

V,A, W nV(A',( t ,4: (AnA '» (t » * AnA ' 6£ < 

I y) otherwise. 

Proof. Statements a), b) and c)(i) follow from the definition and Lemma 2.2. 
To prove c) (ii), let A be an element of V(A)(fc) n V(A')(k). By (2.4.1) we have 

p i+1 A v c p i+1 A y C4cA fc c p l A y k C p l A y (2.6.1) 

and similarly for A^ instead of A k . We obtain 

p l+1 (A k n A' fc ) v c p i+1 A y Ci C (A t n A' fc ) C A k c p l Al c p\A k n A^) v c p l A\ 

(2.6.2) 

hence A fl A' £ £j. A similar calculation shows the equality 

V(A)(jfe)nV(A')(fe) = V(AnA')(fe). □ 
Proposition 2.7. Let A, A' G Q. 

a) V(A)(/c) contains a superspecial lattice. Furthermore, #V(A)(/c) = 1 if and only if 
A is of type 1. In this case V(A)(k) = {A^}. 

b) V(A')(k) C V(A)(k) if and only if A' C A. In particular, V(A')(fc) = V(A)(fc) if and 
only if A' = A. 

c) Let I be the type of A. For every odd integer 1 < V < n, there exists a lattice A 1 G £i 
of type I' with A' C A if V < I and AcA'i/I< I'. 

In particular, the maximal sets V(A)(/c) are the sets with A of type n if n is odd and of 
type n — 1 if n is even. 

2.8. We will prove the proposition in 2.11. For this proof we need a description of the 
sets V(A)(fc) in terms of linear algebra. We first consider the case i = 0. Let A G Cq be of 
type I. We associate to A the F p 2-vector spaces V = A/pA v and V = A v /A. By (2.3.1) 
the vector space V is of dimension I and V is of dimension n — I. For z G Z p 2 denote by 
z its image in ¥ p 2. The skew-hermitian form {■, •} on C induces a perfect skew-hermitian 
form (-, •) on V by 

(x,y) = {x,y} G F p2 

for x,y G V and lifts x,y G A. Similarly, we obtain a perfect skew-hermitian form on V' 

by 

(x,y)' = (p{x,y}) G F p2 

for x, y G V and lifts x, y G A v . 
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Let r be the operator on V k = V <&w p2 k denned by the Frobenius of k over F p 2. We 
denote again by (•, •) the induced form on V k given by 

V k x V k -> k 
(v (g) x, w (g> y) \— > xy a (v, w). 

This form is linear in the first and cr-linear in the second variable and satisfies 

(x,y) = -(y,T- 1 (x)y. (2.8.1) 

For a subspace UofV k , we denote by U 1 - the orthogonal complement 

C/ ± = {x € Vfc | (x, 17) = 0}. 

By (2.8.1) we obtain (U^ = t(U) and r(f/)- L = (r^)) 1 - analogous to 1.11. 

Let G be the unitary group associated to (V, (■, •)). Since H 1 (F p , G) = 0, there exists 
up to isomorphism only one skew-hermitian form on V and similarly for V . 

Proposition 2.9. There exists an inclusion preserving bijection 
{lattices T C A k \ pT y C T C A k } -> {fc-su&spaces 17 C V*. | dim*7 = ^tZ, C U} 



where T is equal to T/pA^. 

In particular, the T-invariant lattices on the left hand side correspond to the r-invariant 
subspaces on the right hand side. 

Proof. For a lattice T contained in the set on the left hand side, we obtain from (2.3.1) 

P T C P A k C pAl C pT v CT C A k . (2.9.1) 



Since pT y = T , we obtain from (2.9.1) 

{0} C T X c T C Vfc 

which proves the claim. □ 

Corollary 2.10. Let A G 

T/ie set o/ lattices Ai € jCq 1 ^ u>i£/i Ai C A is egtia/ to the set of ¥ p 2- subspaces U C V 
of dimension (I + h)/2 with U 1 - C U. 

In particular, superspecial points in V{A)(k) correspond to subspaces U C V of 
dimension (I + l)/2 with U 1 - C U. 

b) The lattices A\ G Cq 1 ^ with A C Ai correspond to the ¥ p 2 -subspaces U C V of 
dimension n — (I + Zi)/2 mf/i f/ -1 ' C U. 
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Proof. Part (a) follows from Proposition 2.9. The superspecial points are lattices in Co of 
type 1. 

To prove (b) let Ai be an element of C^ with Ac Ai. We have 

AcAi "c 1 A^ c A v . (2.10.1) 

For a lattice L C C the dual L v ' with respect to p{-, •} is equal to p~ l L y . Thus (2.10.1) 
is equivalent to 

A = p(A v ) v ' c p(AV) v ' "c 1 A^cA v . 

Now (b) follows from Proposition 2.9 with V instead of V and p{-, •} instead of {•, •} as 
the dimension of V' is equal to n — I. □ 

2.11. Proof of Proposition 2.7. 

We first prove the proposition in the case i = 0. 

Let A be an element of Co of type I. Let V be as in 2.8. By Corollary 2.10 the 
superspecial points of V(A)(fe) correspond to F p 2-subspaces U C V of dimension (/ + l)/2 
with U L C U . Such subspaces always exist, hence V(A)(k) always contains superspecial 
points. Furthermore, if dim^ = I > 3, there exists more than one subspace with these 
properties. This shows that V(A)(k) consists of only one element if and only if I = 1, 
hence proves a). 

To prove b), let A' and A be two elements of C such that V(A')(k) C V(A)(fe). We 
want to prove that A' C A. First note that V(A')(k) = V(A')(/c) n V(A)(fc) is not empty. 
Hence by Proposition 2.6 c)(ii), we obtain V(A')(fc) = V(A D A')(k) and A n A' G C . 
Therefore, it is sufficient to prove that for A'^ A the set V(A')(k) is strictly contained in 
V(A)(k). 

Let V be as in 2.8 and let V\ be the subspace of V corresponding to A' (Cor. 2.10). 

,i 

Since V\ ^ V, there exists a subspace U g V\ of V with U C U. Thus there exists an 
element of V{A)(k) \ V(A')(fc) (Prop. 2.9). 
Part c) follows from Corollary 2.10. 

By Remark 2.4 d) the case of arbitrary i follows from the case i = 0. □ 

2.12. Let A £ Co be of type / and let 

d= —' 

Let V = A/pA y as in 2.8. By Proposition 2.9 we have 

V(A)(fe) = {U C V k | dim U = d+ 1, U ± C U}. 

Denote by Grassrf + i(y) the Grassmannian over F p 2 of (d + l)-dimensional subspaces of 
V . The set V(A)(fc) can naturally be endowed with the structure of a closed subscheme of 
Giassd+i{V). For every F„2-algebra R, let Vr be the base change V ®f 2 abuse of 

notation, we denote again by o the Frobenius on R. Let U be a locally direct summand 
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of Vr of rank m. We define the dual module U 1 - C Vr as follows. For an .R-module M, 
let M(p) = M0 R>a R be the Frobenius twist of M and let M* = Rom R (M, R). Then (-, •) 
induces an i?-linear isomorphism 

<f>:(V R ) (p) ^(Vr)*. 

Thus 4>(U^) is a locally direct summand of (Vr)* of rank m. Let ipu be the composition 
Vr (Vr)** -» 0(C/( p ))*. The orthogonal complement 

U 1 - := kei^u) (2.12.1) 

is a locally direct summand of Vr of rank / — m. Over an algebraically closed field, this 
definition coincides with the usual definition. 

We denote by Y\ the closed subscheme of GrasSd+i(V) defined over F p 2 given by 

Y A (R) = {U C Vr a locally direct summand | rk R U = d + 1, C U} (2.12.2) 

for every F p 2-algebra R. Note that for every algebraically closed field extension k of 
F p we obtain 1a(A;) = V(A)(fc). By abuse of notation we will again denote by 1a the 
corresponding scheme over ¥ p . Since there exists only one skew-hermitian form on V up 
to isomorphism, Y\ depends up to isomorphism only on the dimension of V, i.e., the type 
of A. We will show that Y\ is a smooth irreducible variety over F p 2. 

Remark 2.13. Let A G cf\ By Remark 2.4 d) the lattice A' = *j(A) is contained in 
and induces a bijection between V(A)(k) and V(A')(k). Thus by 2.12 the set V(A)(fe) 
can be identified with the /c-rational points of the variety Y\i. We set Y\ = Y^i. 

2.14. For every F p -algebra R we define a form (•, •) on V <8>Fj, R by 

(•, •) : (V ® ¥p R) x (V ® ¥p R) -> ¥ p 2 ® ¥p R 

(v <S> a,w (g> b) i— > (f , iu) <8> a6, 

where (•, •) is the skew-hermitian form defined in 2.8. The form (•, •) is linear in R in both 
components where the form (•, -)r, extended to V <8>f 2 R analogous to 2.8, is linear in R 
in the first and cr-linear in R in the second component. Let G be the unitary group over 
F p of 2.8. Then for every F p -algebra R the set G(R) is defined as 

G(R) = {ge GL(V ® ¥p R) | (gx, gy) = (x, y) for all x, y G V ® ¥p R}. 

Let T be the matrix 




and let t be an element of F^ 2 with t p = —t. As there exists only one perfect skew- 
hermitian form on V up to isomorphism, we can choose an F p 2-basis e±,...,ei of V such 
that the form (•, •) with respect to this basis is given by the matrix tT. We identify V via 
this basis with (F^V. 
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Lemma 2.15. Let Gf be the base change of G over¥ p . Then G^ is isomorphic to GL^ 
with Frobenius action given by 

$(h) = T\h^y l T 

for an element h G GL ; p p . 

Proof. Let a be the Frobenius of ¥ p . Furthermore, denote by Vf id the vector space 
V (S>F p2 an d denote by c the vektor space V 0w p2 where in the second case the 
morphism F p 2 <^-> ¥ p is given by the Frobenius a. We obtain an isomorphism 

v®w p f P ^v Wp . d ®v Wp!a 

D®aH(t)0a,w®a). 

Both Vjp id and a are totally isotropic with respect to the form (■, ■) and the form 
defines a perfect F p -linear pairing between the two F p -vektor spaces id and a . 

We now identify both Vj; ;d and a with F p using the F p 2-basis ei, e\ of V of 2.14. 
Then each g G G(¥ p ) corresponds to a pair (gid,9a) £ GL^(F P ) x GL;(F P ) with 

*5idT<7 CT = T. (2.15.1) 

In particular, we obtain an isomorphism 

Gf p - GL, fp (2.15.2) 
9 Sid- 

For an element g € G(F p ) the Frobenius $ of G is defined as (idy <8><r) offo (idy <8>cr) _1 . 
It is easy to see that for the corresponding (<7id,<?<r) we obtain 

where we denote for a matrix h € GL ; ^ by the matrix obtained by application of 
the Frobenius a to every entry of h. Thus by (2.15.1) and (2.15.2) the Frobenius may 
be identified with the morphism 



/ih-^r^/iW)- 1 ^ 

which proves the claim. □ 

2.16. The diagonal torus S and the standard Borel B of upper triangular matrices in 
Gjp are defined over F p . Note that T corresponds to the longest Weyl group element of 
G with respect to S. Let / = (ii, ...,i c ) be an ordered partition of I. Denote by Pj the 
standard parabolic subgroup of Gf containing B such that GL^ p x... x GL ic p is the 
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Levi subgroup of P containing S. We write <&(I) for the partition (i c ,—,h) and obtain 
$(P(j 1; j c )) = Hence <3? induces a morphism 

To simplify notation, we write G instead of Gf ■ For a flag J 7 € (G/Pj)(R), the dual flag 
JF^ with respect to (•, •) is defined analogous to (2.12.1). 

Lemma 2.17. Let J 7 be a flag in GjPi. The Frobenius $ and the duality morphism 
T i ^ ^ r_L define the same morphism G/Pj — > G/P§^, i.e., the dual flag is equal to 

Proof. Let JF be a flag in G/Pj(R). Without loss of generality, we may assume that the 
constituents of T are free. Let Ti q be the standard flag corresponding to the parabolic 
subgroup Pj. Then there exists an element g G G(R) such that T = g^Fifl- We have 
Q(gPi) = <S>(g)P$ {I) , hence 

Furthermore, ($(g)x,gy) = (x,y) for all x,y G R l , hence $(5)(J r 7 i o) ± = (gJ r ifi) ± which 
proves the claim. □ 

Proposition 2.18. The closed subscheme Y\ o/ Grass<j+i(V) is smooth of dimension d. 

Proof. We use the notation of 2.16. It is sufficient to prove the claim after base change to 
F p . By Lemma 2.17 it is clear that Y\ is the intersection of the graph of the Frobenius 

G/ P(d+i,d) ^ Gj P(d+i,d) x Gj P(d,d+\) 
g ^ (g,$(g)) 

with the morphism 

G/P(d,i,d) ^ G/P( d+ i >d ) x G/P( d)d+1 ) 

g (g,g)- 

It is easy to see that this intersection is transversal of dimension d, hence Y\ is smooth. □ 

2.19. Our next goal is to relate Y\ with generalized Deligne-Lusztig varieties. Let Si be 
the symmetric group in I elements and denote by Wj the Weyl group of the Levi subgroup 
GL^ ^ x... x GL ic ^ of Pj. We identify Wj with the corresponding subgroup of Si. Let 

g = [o c g x c ... c £ c c y] 

be two flags in G/Pj(R). Then J 7 and £/ are in standard position if all submodules Ti + Gj 
are locally direct summands of R l . Equivalently, the stabilizers of T and Q contain a 
common maximal torus. For T and Q in standard position, we recall the definition of the 
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relative position inv(J r , Q). Consider the diagonal action of G on G/Pi x G/Pi. By the 
Bruhat decomposition, the orbits of this action are classified by the quotient Wpj\Si/Wpj. 
Then inv(J r , Q) is defined as the element of the constant sheaf associated to Wpj\Si/Wpj 
such that locally on R the element (J 7 , Q) G G/Pix G/Pi is contained in the corresponding 
orbit. 

For a partition / with / = and an element w G Wpj\Si/Wpj, we recall the 

generalized Deligne-Lusztig variety Xpj(w) over ¥ p , 

X Pl (w) = {J- G GjPi | inv($(^),^) = w}. (2.19.1) 

We call this variety a generalized Deligne-Lusztig variety as in [DL] this variety is only 
defined in the case of a Borel subgroup. As noted in [Lu2], this construction works for 
arbitrary parabolic subgroups defined over ¥ p . 

The variety Xp x (w) is the transversal intersection of the graph of the Frobenius with 
the orbit of (l,w) in G/Pi x G/Pj under the diagonal action of G. Therefore, the variety 
Xpj(w) is smooth and its dimension is equal to the dimension of the subvariety PiwPj j Pj 
of G/Pj. In particular, if Pi = B, the dimension is equal to the length of w. 

Denote for i = 0, d by 

Wi = (d+l,...,d + i + l) G Si 

the cycle which maps d + 1 to d + 2 etc. and denote by U the partition (d — i, l 2l+1 ,d — i). 
To simplify notation, we write Pi and Wi instead of Pi i and Wp i . 

We have wo = id and Io = (d, 1, d). If i = d, we obtain = (d + 1, d + 2, / — 1, /) 
and J d = (l z ), i.e., P rf = £. Note that J d _i = = (l z ) but u> rf _i / w d . 

Lemma 2.20. For < i < d the dimension of Xp^Wi) is equal to i. 

Proof. We have 

dim PiWiPij Pi = dim PiWiPi/B - dim Pi/B. 

Since Ii is equal to (d — i, 1 2 * +1 , d — i), the Levi subgroup L as in 2.16 of Pi is isomorphic 
to GL d _j xG* +1 x GL d _j. Let -B d _j be the standard Borel of upper triangular matrices 
in GLd-i- Then 

dim Pi/ B = dim L/(B n L) 

= 2 dim GL d -i /B d -i 
= (d-i-l)(d-i). 

On the other hand, PiWiPi = BWiWiWiB . Let w[ G Si be the longest representative 
of the residue class of Wi in Wi\Si/Wi. Then the dimension of PiWiPi/B is equal to the 
length of w[. 

Suppose first that i = d, i.e., P d = B. We obtain W d = 1. Thus w' d = w d and 

dimX jB (w d ) = lengih(w d ) = d. 
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Now suppose i < d. Then 

Wi = ((12), (d - i - 1, d - i), (d + i + 2, d + i + 3), (n - 1, n)> 

Since toj = (d + 1, d + i + 1), we obtain that w\ is equal to the product of Wi with the 
longest element in W{. Therefore, the length of w\ is equal to % + (n — i)(n — i — 1) which 
proves the claim. □ 

The next theorem establishes a link between Y\ and generalized Deligne-Lusztig vari- 
eties. 

Theorem 2.21. There exists a decomposition ofY\ over¥ p into a disjoint union of locally 
closed subvarieties 

d 

Y A = \*)X P .(wi), (2.21.1) 

i=0 

such that for every j with < j < d the subset \+) 3 i=0 Xp^Wi) is closed in Y\. 

The variety Xb{wci) is open, dense and irreducible of dimension d inY\. In particular, 
Y\ is irreducible of dimension d. 

Proof. As in 2.14 we identify V with (F p 2)' such that the form (•, •) is given by the matrix 
tT. For an algebraically closed field extension k of ¥ p and a subspace U C Vk, we have 
(l/- L )- L = t{U) by 2.8. For an arbitrary F p -algebra R, we do not have an operator r on 
Vr, but to simplify notation, we write t(U) for (U^-) 1 - for all locally direct summands U 
of Vr. 

Let U be an element of Y\(R). We may assume that Speci? is connected. The module 
U is a locally direct summand of R l of rank d + 1 such that U 1 - C U with U /U 1 - locally 
free of rank 1. Let T be the flag 

T= [0 c u-l C £/C v \. 
By Lemma 2.17 the flag ^(J 7 ) is equal to 

W = [0 C C/-L C r(C7 ) C V] . 

If U + t{U) is a locally direct summand of R l , i.e., if T and are in standard position, 

we obtain that inv($(jF), JF) is either the identity or w\ in iy"o\'S'//W / o- Hence we obtain a 
disjoint decomposition of V(A) into the open subvariety Xp (w\) and the closed subvariety 
X Po (id) 

Y A = Xp {id)UXp { Wl ). (2.21.2) 

Let i be an integer with < i < d — 1 and let T be a flag in Xp^Wj) l±l Xp^tOj+i). 
Then is of the form 

T = [0 C C ... C C ^ C ... C jr i+1 c V ]. 
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For an integer j with 1 < j < i + 1, the modules T-j and Tj are locally direct summands 
of R l of rank (d — j + 1) and (d + j) respectively. 

Claim: The flag .F is uniquely determined by T\ ■ 
Indeed, since $(F) and T are in relative position u>i or tOj+i, we obtain a commutative 
diagram 

T± , C ... C 7T-L C X"± C -T-L C 

^ ^ i ^ 1 r ^ * 

Furthermore, we have 

J=^_ x =T i+1 if inv($(F),F) 
^-i^W if inv($(F),F) 

As ^(F") and F are in standard position, we obtain that for j with 2 < j < i + 1 

= F,_i +r(^_i). 

By induction we obtain 

jr. = £ 

m=l 

Therefore, F is uniquely determined by T\ and the claim is proved. 

Let i with < i < d — 2. The claim shows that the natural morphisms 

X Pi+1 (w i+1 ) -» Xp.(t« i+ i), 

^P i+ >»+2) -» ^P;(™i+l) 

are monomorphisms. We now want to show that we have a decomposition of Xp^iOj+i) 
into the closed subvariety -Xp i+1 (f^j+i) and the open subvariety -^p i+1 (wi+2), 

X P .(«; i+ i) = X P . +1 (t« i+ i) W Ip i+1 («J !+2 ). (2.21.3) 

Indeed, let f be a flag in Xp i (wj + i)(i?). Since $(F) and F are in standard position, 
Fi+2 := Fj+i + r(Fj+i) and T-i-2 ■= F^j_ 2 are locally direct summands of i?' of rank 
(d + i + 2) and (d — i — 1) respectively. We extend JF to the flag 

F = [0C F_i_2 g ... c ^ c ^ c ... c j-. +2 c v]. 

If &(J-') and F' are in standard position, we obtain that inv( < I > (F / ), F') is either Wj+i or 
in Thus F' is either an element of Xp i+1 (wi + ±) or of Xp i+1 (iyj +2 ). 

This proves (2.21.3). 



C 7-" C 7T-L 



c 77. c jr. 



^ -Ti+l- 



Wi, 
Wi+1- 
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The disjoint sum decomposition in (2.21.1) follows by induction from (2.21.2) and 
(2.21.3). The subset l+)^ =0 Xp i (wi) is closed in 1a by construction. By Lemma 2.20 the 
variety Xp.(wi) is of dimension i. Since Y\ is smooth of dimension d, the open subvariety 
XE.{wd) is dense. It remains to show that Xb(wcl) is irreducible. 

Consider the set D = {(1, 2), (I — 1, 1)} of simple reflections of G with respect to B. 
The Frobenius action on D with respect to G is given by o~({i, i + 1)) = (I — i, I — i + 1). 
Since I is odd, there are d orbits of the action of a on D. Each orbit is of the form 
{(i, i + 1), (I — i, I — i + 1)} with d + 1 < i < I — 1. A Coxeter element of Si is a product 
of the form v\ ■ ■ ■ v d <G Si, where v\, v& G D are representatives of the different orbits 
([Lul]). The element Wd = (d+ 1, d+ 2) ■ ■ • (I — 1, Z) € is a Coxeter element. It is shown 
in ([Lul] 4.8) that Xb(w) is irreducible for each Coxeter element w. In particular, Xs{wd) 
is irreducible. This proves the theorem. □ 

Proposition 2.22. Let A' € Cq with A' C A and denote by V the ¥„2-vector space 
A'/p(A') v . Let I' be the type of A' and let d! = {V — l)/2. Then the variety Y\i is a closed 
subvariety of Y\ of dimension equal to d' . 

Proof. By definition (2.12.2) we have 

Y A ,(R) = {U Cl^a locally direct summand | rk R U = d! + 1, U L C U}, 
hence by 2.9 

Y A ,(R) = {Ue Y A (R) | U C (A7pA v ) R }. 

Thus Y\/ is a closed subvariety of Ya- By Proposition 2.18 the dimension of Y\> is equal 
to d'. □ 

2.23. For U G >a(A;) let < ijj < d be the minimal integer such that U + ... + r l (C7) is r- 
invariant. For a lattice A G V(A)(fc), let ^ be the minimal integer such that A + ... + t 1 {A) 
is r-invariant. Suppose that A corresponds to U via the bijection of Proposition 2.9, then 
ia = iu- 

Denote by V(A)(fe)° C V(A)(fe) the set of lattices A G V(A)(/c) with i A = d, i.e., 
^ + ... + r d (^) = A fc . 

Corollary 2.24. For every integer i with < i < d we have 

X Pi {wi){k) = {UeY A {k) \iu = i} 

= {AeV(A)(k)\i A = i}. 

In particular, X B {wd){k) = V(A)(fc)°. 
Hence 

i 

IjJ X Pj { Wj ){k)= |J V(A')(fc)= (J V(A')(fc). (2.24.1) 

3=0 A'CA A'CA 

l'<2i+l 
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There exists a scheme theoretical decomposition 

Y A = (J Y A ,ttX B (w d ), (2.24.2) 

A'CA 
A'e£ ( , 

where the first summand is closed and the second summand is open. 

Proof. The corollary follows from the proof of Theorem 2.21 and from Proposition 2.22. □ 

3 The combinatorial intersection behaviour of the sets V(A) 

3.1. Let C be a Q p 2-vector space of dimension n with perfect skew-hermitian form {■, •} 
as in 2.1. Denote by t an element of Z x 2 with t a = —t. As in 2.1 we assume that the 
skew-hermitian form {•, •} is equivalent to the form induced by the matrix T with T = tl n 
if n is odd and equivalent to the form induced by T = t J n if n is even. Denote by H the 
special unitary group over Q p with respect to (C, {-, •}), i.e., for a Q p -algebra R, we have 

H ( R ) = {d ^ SL Qp2€§QpjR (C <8>q p R) I {gx, gy} = {x, y} for all x,y G C ®q p R}. 

Let k be an algebraically closed field extension of ¥ p . In this section we will prove that the 
incidence relation of the sets V(A)(k) of T>i(C)(k) can be read off from the combinatorial 
simplicial structure of the Bruhat-Tits building B(H, Q p ) associated to H. As in Section 2, 
we assume that ni is even. 

Propositions 2.6 and 2.7 show that the intersection behaviour of the sets V(A)(fc) only 
depends on A G £j. Therefore, we write V(A) and T>i(C) instead of V(A)(/c) and T>i(C)(k). 

Definition 3.2. Let Bi be the abstract simplicial complex given by the following data. Let 
m be a nonnegative integer. An m-simplex is a subset S C of m + 1 elements which 
satisfies the following condition. There exists an ordering Ao,...,A m of the elements of S 
such that 

p i+1 Al C A C Al C ... C Am . (3.2.1) 
^4 vertex is defined as a 0-simplex. 

Remark 3.3. Let S be an m-simplex of Bi and let Ao,...,A m be an ordering of the 
elements of S which satisfies (3.2.1). Since all Aj are in £j, we obtain from (3.2.1) the 
more precise chain of inclusions 

P t+1 K £ Ao £ ... ^A m c p 4 A^ C ... C p*A^. (3.3.1) 

Obviously, we have < m < (n — l)/2. 

3.4. Let {A} be a vertex of We say that {A} is of type I if A is of type I. A vertex 
{A'} G Bi is a neighbour of {A} if A ^ A' and if there exists a simplex S G £>j such that A 
and A' are contained in S. This is equivalent to the condition that {A, A'} is a 1-simplex 
of Bi, i.e., A C A' or A' C A. Let I and I' be the type of A and A' respectively. In the first 
case we obtain I < I' and in the second case V > I. 
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Proposition 3.5. a) Let A be a lattice in Li of type I. Then the set 

{A' G C t | V(A') C v(A)} 
corresponds to the set of neighbours of {A} of type V < I. 
b) Let A and A' be in Ci of type I and V respectively such that A / A'. Then 

V(A) n V(A') + 

i/ and only if {A} is a neighbour of {A'} or if there exists a vertex {A} in Bi of type 
c < min{/, I'} such that {A} is a common neighbour of {A} and {A'}. 

Proof. The proposition follows from Proposition 2.6 c)(ii). □ 

Theorem 3.6. Let B(H,Q p ) s i mp be the abstract simplicial complex of the Bruhat-Tits 
building of H. Then there exists a simplicial bijection between Bi and B(H,Q p ) s i mp . 

Proof. We choose a basis of C such that the form {•, ■} is given by T. For a matrix g, 
denote by g^ the matrix obtained by applying the Frobenius a of Q p 2/Q p to every entry 
of g. Then H is isomorphic to SL(C) over Q p 2 with Frobenius 

$(g)=T(Y a) r 1 T 

for g G SL(C) (proof analogous to proof of 2.15). The simplicial complex B(H, Q p ) s i m p is 
equal to the fixed points of $ on the simplicial complex £>(SL(C), Q p 2) s i mp ([Ti] 2.6.1). 

An m-simplex of B(SL(C), Q p 2) s i mp is a set {[Ao], [A m ]} of homothety classes of 
lattices with the following property. There exist representatives Aj G [Aj] which form 
after renumbering the lattices Ao, A m an infinite lattice chain 

... C p A m C A C ... C A m C C ... (3.6.1) 

We first consider the case i = 0. We define a simplicial morphism 

V9:£ ^£(SL(C),Q p2 ) simp (3.6.2) 
{A , A m } ^ {[A ], [A m ], [A^]...[A V ]}. 

This morphism is well defined as (3.6.1) follows from (3.3.1). To show that cp induces an 
isomorphism onto B(H, Q p ) s i m p ) it is sufficient to prove the following claim. 
Claim: Each simplex of B(H, Q p ) s i mp can be written uniquely as 

{[A ],...,[A a ],[Ar],...,[A v ]} 

such that there exist representatives Ao, A a satisfying 

PK % A C ... C Aa c A v c ... C A v. ( 3 .6.3) 
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Indeed, a simplex {[Ao], [A m ]} of B(SL(C), Q p 2) s i mp is a fixed point under the action 
of <I> if the lattice chain (3.6.1) coincides with its dual chain 

C nA v C A v C C A v C t) _1 A v C 
This means that there exist integers j and a with < a < m such that 

p?AV c ... c p*AV c^iavc ... c^-iav^ 



c 



An 



A a 



A 



A m . 



An easy index calculation shows that there exists an ordering of the homothety classes 
and representatives such that we obtain a lattice chain 

Mo £ A c Al c ... c A [2 ^i] c Aj^j c ... c A v c A v 

This proves the claim in the case of i = 0. 

Now consider the general case. By Remark 2.4 d) the isomorphism ^ of Proposi- 
tion 1.22 induces an inclusion and type preserving isomorphism of Li with Co- Thus 
induces a simplicial bijection 



0i : Bi 



B 



which proves the theorem. 



(3.6.4) 
□ 



Proposition 3.7. Let A, A' G £{. There exist a positive integer u and elements Ai 
A, A2, A u _i, A u = A' in Ci such that 



V(A,-)nV(A j+ i)^0 



for every j with 1 < j < u — 1 . 



Proof. The building B(H, Q p ) is connected, hence the simplicial complex B(H, Q p ) s i mp is 
connected. Then the proposition follows from Theorem 3.6 and Proposition 3.5. □ 

Proposition 3.8. In the case o/GU(l,2) ; i.e., if n = 3, the simplicial complex Bi is a 
tree. It has two different kind of vertices. Vertices of type 1 correspond to lattices in C^p , 
i.e., superspecial lattices in T>i(C), and have p + 1 neighbours of type 3. Vertices of type 3 
correspond to lattices in cf^ and have p 3 + 1 neighbours of type 1. 

Proof. As n is equal to 3, Remark 3.3 shows that there exist only 0-simplices and 1- 
simplices. The building B(H, Q p ) is contractible, hence its simplicial complex is a tree. 
Thus by Theorem 3.6, the simplicial complex Bi is a tree. The type of a lattice A G Ci is 
equal to 1 or 3 (Rem. 2.4). By construction of Bi, each vertex of type 1 has only neighbours 
of type 3 and each vertex of type 3 has only neighbours of type 1. 
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Now consider the case i = 0. Let A be in £q . Denote by V the F p 2-vector space 
V = A/pA with perfect skew-hermitian form (•,•) as in 2.8. By Corollary 2.10 a) the 
neighbours of {A} correspond to F p 2-subspaces U of V of dimension 2 with U L C U . As 
all skew-hermitian forms on V are equivalent, there exists a basis of V such that (-, •) 
is given by the matrix By duality the neighbours of {A} correspond to the totally 
isotropic subspaces of V of dimension 1, i.e., to the F p 2-rational points of the Fermat curve 

C in P| given by the equation 

p 2 

T P +1 J. T P +1 _L T P+ 1 

1 2 

An easy calculation shows that the number of F„2-rational points of C is equal to p 3 + 1. 

Analogously, the neighbours of a 0-simplex {M} correspond by Corollary 2.10 b) to 
the totally isotropic 1-dimensional subspaces of the 2-dimensional F p 2 -vector space V = 
M v /M. An easy calculation shows the claim. 

Now consider the general case. By (3.6.4) there exists a simplicial bijection between 
Bi and Bq, hence the claim follows from the case i = 0. □ 

Remark 3.9. Let n = 3 and let A, A' G £j. As Bi is a tree, there exists a unique lattice 
chain for A and A' as in Proposition 3.7 of minimal length. We call its length u the 
distance it (A, A') of A and A'. The distance of two lattices A and A' of the same type is 
even. 

4 The local structure of M red for GU(1, 2) 

4.1. In the next two sections, we will describe the scheme theoretic structure of N red in 
the case of the unitary group GU(1, 2). We again assume that p 7^ 2. We will first describe 
the scheme theoretic structure of the open and closed subscheme J\fQ ed of quasi-isogenies 
of height 0. 

4.2. We will always denote by k an algebraically closed field extension of ¥ p . By abuse of 
notation, we will mostly identify the elements of Af(k) with their corresponding Dieudonne 
modules as in 1.2. We say that a p-divisible group in No(k) is superspecial if the corre- 
sponding Dieudonne module is superspecial. Let N = Nq © Ni be the isocrystal over 
W(¥ p )iQ with perfect alternating form (■, •) as in Section 1. In Sections 2 and 3, we have 
denoted by C the Q p 2-vector space Nq of r-invariant elements of A^o (1.10). By abuse 
of notation, we will identify the sets J\fo{k) and Vo(C)(k) using the bijection of Proposi- 
tion 1.12. By Remark 2.4 we will identify the superspecial points of Mo(k) with the lattices 
• A 1 ) 

We fix some notation. As in Lemma 1.16, we fix an element t £ Z x , with t a = —t and 
denote by t its image in F^ 2 - For an element x in a ring R, we write [x] for the Teichmiiller 
representative (x,0, ...) 6 W(R). The map [ ] : R — > W(R) is multiplicative and injective. 
As p ^ 2, we have 1 + [— 1] =0 which we will frequently use in the sequel. 

For every scheme S over F„2, we denote again by S the corresponding scheme over ¥ p . 
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4.3. For A € Cq we have defined a closed subset V(A)(/c) of J\fo(k). By 2.12 there exists a 
smooth, irreducible and proper variety Y\ over F„2 such that Y\(k) = V(A)(k) for every 
algebraically closed field extension k of ¥ p . The varieties Ya depend up to isomorphism 
only on the type I of A (2.12). By Remark 2.4 the type I is equal to 1 or 3. If / = 1, the 
variety Ya consists of only one point. If I = 3, the variety Ya is smooth and irreducible of 
dimension 1 (Prop. 2.18, Thm. 2.21). 
By Proposition 2.6 we know that 

Mo(k)= (J V(A)(fc). 

Aec^ 

If the intersection of two different sets V(A)(/c) and V(A')(k) is nonempty, they intersect at 
one superspecial point, the lattice A HA' (Prop. 2.6, Prop. 2.7). Each set V(A)(/c) contains 
p 3 + 1 superspecial points and each superspecial point is contained in p + 1 sets V(A)(/c) 
(Prop. 3.8). 

Let M G Afo(k) be a superspecial Dieudonne lattice. The following lemma follows 
directly from Sections 1 and 2. 

Lemma 4.4. The lattice M is already defined overZ p 2. There exists a r -invariant basis 
ei,e 2 ,e 3 ,/i,/ 2 ,/3 of M such that 

M = (ei,e 2 ,e 3 ) W (fe) 

Mi = {fl,f2,h)w{k)- 

The matrix of F with respect to the above basis of M is given by 



( 



\ 



P 



P 



V 



p 



The form {-, •} on Mq is given by the matrix 



'P 



(4.4.1) 



P/ 



In particular, the only nonzero values of the alternating form (-,-) on the basis of M are 
given by (e^, fj) = -(fi,ej) = 

Proof. As M is superspecial, it is r-invariant, hence defined over Z p 2. By Lemma 1.17 
there exists a basis e\, e 2 , e 3 of Mq such that the form {•, •} is given by the matrix (4.4.1). 

(ei,pe 2 ,e3). The proof of Proposition 1.12 shows that Mi is equal to 



We have pM v 
F _1 (pM v ). For i = 1, 3 we define f { 
the conditions of the lemma. 



F 1 ei and set / 2 = F 1 {pe^ 



This basis satisfies 
□ 
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4.5. Let J be the set 

J = {[A : /*] € P 1 ^) | A p+1 + = 0}. 
Note that J has p + 1 elements. 

Lemma 4.6. T/iere exists a bijection between the sets V(A)(k) with A G ^q 3 - 1 w/tic/i contain 

(3) 

M and the elements [A : /j] G J . For [X : /j] e J the corresponding lattice A G £ is 
given by 

A= (e l ,e 2 ,e 3 ,p- 1 {[\]e 1 + [n}e 3 )) w{fp y (4.6.1) 
In particular, M is contained in p + 1 sets V(A)(k). 

Proof. Let A G £g 3 ^ be a lattice with C A. We have to prove that A is of the form 
(4.6.1) for unique [A : /i] G J7". We have 

pA C p(MJ) v c Ml C A = A v c (M^) v . 

Since iVfJ is of index 1 in A, there exist elements A, fi, v G F p 2 such that 

A = (e 1 ,e 2 ,e 3 ,p~ 1 ([X]e 1 + [v]e 2 + [lA e 3))w(¥ p2 )- 

As A is totally isotropic, v = and X p+1 + = 0. The element [A : n] G P 1 ^ 2 ) is 
uniquely determined by A. 

On the other hand, it is clear that every lattice defined by (4.6.1) is contained in £ 
and contains Mq. □ 

4.7. The Frobenius a acts on the set J . We choose a set J = {(Aj, /ij)}o<j< p of repre- 
sentatives of the different elements of J such that (A P , /if) G J for every i. We denote by 
a(i) the unique integer j with < j < p and (A P ,/i P ) = (Xj,fij). 

We fix an integer i with < i < p. Let Aj be the lattice corresponding to (A«, //j) and 

let 

eA ilW = P _1 ([ A i] e i + Ne3) G A;- 
Then {ei,e 2 ,e\ t)flt } is a PF(F p 2)-basis of Aj. Let F be the F p -vector space Aj/pAj with 
induced basis {ei, e 2 , e^^}- Denote by (•, •) the perfect form on V induced by {•,•}. With 
respect to the above basis the form (•, •) is given by the matrix 

1 G GL 3 (F p2 ). 

,Xi J 

In 2.12 the variety Y Ai is defined as the closed subvariety of Grass2(V) over F p2 given 

by 

Y Ai (R) = {U C V R a locally direct summand | rk R U = 2, U L C U}. 

The superspecial lattice M corresponds via the bijection of Proposition 2.9 to U = (ei , e 2 ) ■ 
Let UM,i be the open neighbourhood of U in given for each F p 2-algebra R by 

UmA r ) = {^,6 = (ei + ae AiiW ,e 2 + 6e Aiirt ) | a, 6 G i?} n V(A;)(i?). 
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Lemma 4.8. We have 

U Mti (R) = {U a , b = (ei + ae XiM , e 2 + te^) | aP\\ + aA, - 6^ +1 Af 1 = 0; a, b e i?}. 
In particular, Um,i is isomorphic to T; L = Spec where 

Ri = F p2 [a,6]/(a p Af + a\ - ^ +1 A^ +1 ). (4.8.1) 

Proof. For to be contained in V(Aj)(i?), it is necessary and sufficient that £7^ C U a ^. 

An easy computation shows that U a ^ n / if and only if a p A^ + aAj — 6 P+1 A^ ,+1 = 0. 
In this case we obtain 



Remark 4.9. As the Frobenius twist T± of Tj is isomorphic to T a ^, we will always 

(p) 

identify T^> with T a uy We denote by Fry. : Tj — > the relative Frobenius. 

Lemma 4.10. T/ie variety Y\ t is isomorphic to the smooth and projective curve C\ x in 

aPXU + aXiO? -^ +1 Af +1 = 



s p given 6j/ i/te equation 



for [a : b : d] € P| . 



.2 



Proof. By Lemma 4.8 the projective nonsingular curves Ya; and C\ t are isomorphic over 
the open subvarieties U a ^ and {d / 0} respectively. Therefore, they are isomorphic. □ 

Remark 4.11. a) The complement oIIAm^ in Yv ; contains only one point. This point 
is F p 2-rational. Indeed, this follows from the same result for C\ i . 

b) The curve Fa is isomorphic to the Fermat curve C in P| given by the equation 

x p +1 + x p+1 + x p 2 +1 = 0. 

Indeed, as there exists up to isomorphism only one perfect skew-hermitian form on 
(F p 2) 3 , the Fermat curve C is isomorphic to the curve C Xi of Lemma 4.10. 

4.12. For a, b E k denote by c G k the element c = — A^~ 1 a. Let 

f^=p- l mfi+Ws)€N 1 . 

We define the following elements of the isocrystal which depend on a, b. 



ei 


= e 1 -[^ 1 Af]e 2 + ([a]- 




e 2 


= e 2 + [&]e Ai)W 




h 


= e 3 - [^"V?]e 2 + ([c] - 




h 


= /i - - K 1 " 


~ p ] f\ 


h 


= /2 + [OpA^ 




h 


= /3 - [bfr}p~ 1 f2 ~ [cfl]' 





(4.12.1) 
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Denote by 5m,i the open immersion 



(a, b) i ^ f7 a;t 



(4.12.2) 



of Lemma 4.8. By Proposition 2.9 we have a bijection 6>j : ^a^^) V(Aj)(/c). Consider 
the following diagram 



*M,i(*) 



Ti(A;) 




V(A 4 )(fc) 



SM,i{k) 



(4.12.3) 



By Remark 4.11 a), the complement of the set SM,i{k) C V(Aj)(&) defined in the above 
diagram consists of only one superspecial point. 

Proposition 4.13. The map ^M,i{k) is given by 

*M,i( k ) ■ T i(k) ^ S M>i (k) C V(A)(fc) 
(a, b) ' ^ M ajfe = M Mi 



with 



M = (ei,e 2 ,e 3 ) W ( fc ) 
Mi = (fl,f2,f3)w(k), 



(4.13.1) 
(4.13.2) 



andV(M a , b ) = (ei,pe 2 , e 3 ,pfi, h,Ph)w{k)- 

Proof. For (a, 6) € Tj(/c) we have 6M,i(a,b) = U a ^. Let ir : Aj — > Aj/pAj be the natural 
projection and let 7Tfc be the base change of ir with W(fc). Then by Proposition 2.9 we 
obtain M = ^(ET^) and M x = F _1 (pM^). We have 



M = (ei + [a]e AiiW ,e 2 + [6]e A . )W ,pe Ai>A1 .) 

= (ei + [a]e A<i/li , e 2 + [6]e AilW , e 3 + [c]e Ai;W 



(4.13.3) 



Similarly, we obtain for pM$ = ir k 1 (U^ b ) 



pM v = ( ei - [6^]e 2 - [a^e^.p^pe;^) 

= < ei - [V>\V]e 2 - [a^r^ex^pe^es - [V>tf]e 2 - [<? fr^e^) (4.13.4) 

Note that for the equalities (4.13.3) and (4.13.4) we use again p / 2. From (4.13.4) we 
obtain 



M 1 = (h - [b\}p- l h ~ [aXl'V^vh, h ~ [b»i] P - 1 f2 ~ [c^" P ]/A i)W >- (4-13.5) 
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As pf Xi ,^ = [Af]/i + [tf]f 3 , equality (4.13.2) follows from (4.13.5). The equality (4.13.1) 
follows from the equations 

h = (ei + [a}e Xi!fli ) - \^}~e 2 
e 3 = (e 3 + [c]e Aii/i J - [^"Vf]^- 
An easy calculation shows that V(M a ^) has the desired basis. □ 

Remark 4.14. The map ^M,i(k) is not a morphism. Indeed, the formulas (4.12.1) show 
that the module M a ^ is not defined over a non perfect ring. 

4.15. Our goal is to find an affine scheme Tm such that locally at M the variety J\fQ ed is 
isomorphic to Tm- Consider the polynomial ring in di,bi for < i < p, 

A = ¥ p 2 [cii, bi]o<i< p . 

For < i < p let hi G A be the polynomial 

fe i = a?\? + a i A i -6P +1 A? +1 

and let o C A be the ideal 

a = (hi, didj , a>ibj ,bibj)o<i^j< p . 

Let ^' = ^4/0 and let Z be the affine scheme Spec^'. Denote by Zi the closed subscheme 
Spec A'/(a,j, bj)j-^i of Z. 

Lemma 4.16. The closed subschemes Zi are the irreducible components of Z. They 
intersect transversally at the origin and each Zi is isomorphic to Hi. Furthermore, Z is 
reduced and its tangent space at the origin has dimension p + 1. 

Proof. For < % < p the closed subscheme Z; L is isomorphic to Ui. We obtain 

v 

Z\{0} = |i|Z i \{0}, 

i=0 

hence the Zi are the irreducible components of Z. In particular, Z is smooth away from 
the origin. 

We now prove that A' is reduced. Since Ui is irreducible, it is clear that hi is irreducible. 
Let / <G A such that f r € o for an integer r > 1. We want to show that / G a. By the 
definition of a, we may assume that / = Yli=o fi polynomials fi £ A which depend 
only on a j , bi . Then 

v 

f = ^/[moda. 

i=0 

As f T £ a, we obtain that f\ G a for every i by the definition of a. Therefore, /J is 
divisible by hi. Since /ij is irreducible, it divides fi, which proves that A' is reduced. 
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The tangent space at the origin is given by the equations dai = for i = 0, ...,p, where 
dai and dbi are the differentials of Oj and b% respectively. Therefore, the tangent space is 
of dimension p+1. In particular, all irreducible components intersect transversally at the 
origin. □ 

4.17. The moduli space M. of abelian varieties defined in the introduction is smooth of 
dimension 2. By the uniformization theorem of Rapoport and Zink, the moduli space M 
is locally isomorphic to the closed subvariety M ss of the special fibre of M. if C p is small 
enough (comp. Sec. 6). Thus the tangent space of M red at each closed point is at most 
of dimension 2. Therefore, the local structure of N§ ed at a supersingular point cannot 
be given by Z. We will define a modification of the ring A' such that the tangent space 
at the origin has dimension 2 and prove that the local structure of TVq 6 ^ is given by this 
modification. 

Consider R = ¥ p 2 [a«, x, y]o<i< P - For an integer k with < k < p let gt G R be the 
polynomial 

Define 

Rm = R/(x p+1 + y p+1 , didj , ai(Xiy - frx), gk)o<ifr< P , o<k< P (4.17.1) 
and denote by Tm = Spec Rm the corresponding affine scheme. Let 

RM,i = RM/(aj, \V - ^ix)j-Li 

and let Tm,% be the corresponding closed subscheme of Tm- 

Let Ri be as in (4.8.1). We write a^, b{ instead of a, b for the indeterminates of We 
have the following equality in Ri 

(X~ 1 p t ) k h t = aPAjrV + OiAj-V? " {h\) p+l ~ k {biHi) k ■ 
Therefore, the morphism 

th : Ri -> /2 M>i (4.17.2) 
aj i-> a, 
b» A" 1 a; 

is an isomorphism. 

Proposition 4.18. T/ie closed subschemes Tm,i are the p + 1 irreducible components of 
Tm which intersect pairwise transversally at the origin 0. Furthermore, Tm,% is isomorphic 
to U{ for < i < p, hence is smooth of dimension 1. 

In particular, Tm is of dimension 1 and smooth away from the origin. The tangent 
space of Tm at the origin is 2- dimensional. 



38 



Proof. As Rm,i is isomorphic to Ri by (4.17.2), the subscheme Tm,i is isomorphic to Ui. 
Thus it is smooth of dimension 1. The schemes Tm and Tm,% coincide on the open locus 
{di / 0}. We have 

v 

Tm \ {0} = |+J Tjvf j \ {0}. 

i=0 

This shows that Tm is of dimension 1 and smooth away from the origin. 

We now compute the tangent space of Tm at the origin. By (4.17.1) the tangent space 
at the origin in terms of the differentials dao, da p , dx, dy is given by the equations 

i=0 

for < k < p. This system of equations has rank p + 1 (Vandermonde determinant), 
hence we obtain da,{ = for all i. This proves that the tangent space has dimension 2. 
Furthermore, we see that any two irreducible components intersect transversally at the 
origin. □ 

Proposition 4.19. The scheme Tm is reduced. 

4.20. To prove Proposition 4.19, we first consider the homomorphism 

ip : R = F p2 [a,, x, y]o<i< P -> A = F p2 [oj, 6j]o<i< P 

v 

x i-» ^ 6jAj 

i=0 

p 

i=0 

It is easy to see that the homomorphism ^ induces a homomorphism 

^':R M ^ A'. 

We will show that ^' is injective. This will prove that Rm is reduced, as A' is reduced by 
Lemma 4.16. 

Let A be the ring 

A = A/(aiaj,bibj,a,ibj) <i^j< p 

and denote by R the ring 

R = R/( x p+1 + aiaj,ai(Xiy - ^x)) <^ j < p . 
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We obtain a commutative diagram 




Rm A'. 

Note that all rings in this diagram are graded rings with respect to the grading induced 
by the indeterminates ctj, 6j, x and y. All homomorphisms respect the gradings. 

Lemma 4.21. The morphism ip : R — > ^4 is injective. 

Proof. Let f £ R such that /3i o ^(/) = 0. We want to show that ai(/) = 0. We may 
assume that / is of the form 



/ = ^2o,ifi(ai,x,y) + f(x,y). 



(4.21.1) 



i=0 



Here fi, f are polynomials in R such that fi depends only on cii,x,y and / depends only 
on x, y. Since (3\ o ip(f) = 0, we obtain for all i 



/(biXi^iHi) = 0eA 
a,ifi(ai, Mi, bim) = G A. 



(4.21.2) 
(4.21.3) 



Let f m (x,y) be the homogeneous component of degree m of /. Then 

fm{\ibi, mbi) = b™ 7m(Aj, m) = 

for all i. Therefore, f m (x,y) = for all (x,y) € Proj F p 2 [x, y]/{x p+1 + y p+1 ). Since this 
scheme is reduced, we obtain that x p+1 + y p+1 divides f m . Thus «i(/) = 0. 
Now consider the equation (4.21.3). We may write 

fi(ai,x,y) = ^2alf rjm (x,y), 



where f r , m is a polynomial in x,y homogeneous of degree m. By (4.21.3) we obtain 
/r,m(Ai,/Uj) = 0. An analogous argument as above shows that the polynomial ^x — \y 
divides f r ,m, hence a^iX — \y) divides fi. Therefore, a±(fi) = and tp is injective. □ 

4.22. Proof of Proposition 4-19. 

As A' is reduced by Lemma 4.16, it suffices to prove that ip' is injective. 
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Let / G R such that the image of oip(f) = 0. We may assume that / is of the form 
(4.21.1). We obtain 

p 

4>{a\(f)) = ^2(aifi(a i ,b i X i ,b i ii i ) + fikXi^iHi)). (4.22.1) 

i=0 

As /?3 o ip(f) = 0, there exist polynomials Wi(ai,bi) and Zi{bi) in A with Zi{b{) depending 
only on b\ such that 

p 

$M/)) = £(0^(0*, fej) + (4.22.2) 

Since /ij is a polynomial of degree p + 1 in bj, it is easy to see that every monomial in / is 
of degree greater or equal than p + 1. We write 

f = Y,x P+1 - k y k fk(x,y). (4.22.3) 

fc=0 

Define 

v P 
f = ^2 a i w i( a i' K lx )9o ~ ^2 ^ fc ( x > y)9k- 

i=0 fc=0 

Claim: We have ip(ai(f')) = tp(ai(f)). 
An easy calculation shows that 

p p 

^(Qi(/))-^(ai(/0) = X;^^(M + EVV?/fc(6iA i ,6 i ^)]- (4-22.4) 

i=0 fc=0 
We obtain from (4.22.1) to (4.22.3) with a { = for all i that 

p 

-z»(6i) = J2K k Vifk(bAi,bifii) 

k=0 

which proves the claim by (4.22.4). 

Since tp is injective by Lemma 4.21, we obtain that ai(f') = cti(f). By construction 
«3(/0 = 0) hence tp' is injective. □ 

Lemma 4.23. The completion Ot m ,o of the local ring o/Tm at the origin is isomorphic 
to 

p 

^p4[ x ,y]]/Yl(^iy -ihx). 

i=0 

In particular, Tm is of complete intersection. 
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Proof. We use the notations of 4.17. An elementary calculation shows that Yl^ = o{\y— Hix) 
is contained in the ideal (gk)o<k<p of R. Thus the morphism 

p 

if : F p2 [[x,y]]/ Y[(\iV - mx) -> R M ,o 

i=0 

X I— > X 

y^y 

is well defined. The corresponding schemes are both of dimension 1 and have (p + 1) 
irreducible components. Let ip be the morphism of schemes corresponding to ip° . It is 
easy to see that the tangent map of <p> is an isomorphism. Therefore, <p° is surjective. 
Furthermore, ip induced an isomorphism on irreducible components, hence (p° is injective. 

□ 

4.24. From now on, we use the theory of displays as in [Zi2]. First of all, we recall the 
definition of a display. Let R be a ring of characteristic p. We denote by Ir the image of 
the Verschiebung r' on W(R). A 3n-display over R is a tuple V = (P, Q, F, V' 1 ) such that 
P is a finitely generated projective VF(P)-module, Q is a submodule of P, and F : P — > P 
and V -1 : Q — > P are a-linear maps such that the following conditions are satisfied ([Zi2] 
Def. 1). 

a) IrP C Q C P and P/Q is a direct summand of the T / F(i?)-module P/IrP. 

b) V -1 : Q — > P is a a-linear epimorphism, i.e., the map W(R) ®f,w{R) Q —> P with 
w <g) m i— > is surjective. 

c) For x £ P and w; £ we have y -1 (V(u;)x) = wF{x). 

A 3n-display is called a display if V satisfies the nilpotent condition of [Zi2] Def. 13. 

Let M be a Dieudonne module over a perfect field k. Then = (M, V(M),F, V' 1 ) 
is a 3n-display. It is a display if and only if V is topologically nilpotent on M for the 
p-adic topology, i.e., if the associated p-divisible group has no etale part. 

There exists a functor from the category of displays over R to the category of formal 
p-divisible groups over R ([Zi2], Thm. 81). If R is of finite type over a field of characteristic 
p, this functor is an equivalence of categories ([Zi2] Thm. 103). For such a ring R, we will 
identify the elements of Mq(R) with the corresponding displays with additional structure. 

For a 3n-display V = (P, Q, F, V -1 ), denote by iV the base change N = P Q. Then 
A'" is a projective W / Q(P)-module and F induces a a- linear operator on iV which we will 
again denote by F. The pair (N,F) is called the isodisplay of V ([Zi2] Def. 61). 

Now assume that R is torsion free as an abelian group and that P is of rank n. Then 
the morphism W{R) — > Wq(R) is injective, hence P is a VF(P)-submodule of N. Let P' 
be a projective VF(P)-submodule of iV of rank n and Q' be a lF(P)-submodule of P' such 
that P/Q is a direct summand of the iy(P)-module P/IrP. Denote by V~ l the operator 
p- l F on N. If P' is P-invariant and F _1 (Q') C P', the tuple V = (P', Q', F, V' 1 ) is 
a 3n-display. If V is a display, the 3n-display V' is a display. Let Qisg R be the cate- 
gory of displays over R up to isogeny, i.e., the objects are displays and the morphisms 
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are Rom(V,V) (8>z Q- Then the functor Qisg^j — > (Isodisplays)^ is fully faithful ([Zi2] 
Prop. 66). 

4.25. We again use the notation of 4.2. Let M G Mo(k) be a superspecial Dieudonne 
lattice. As M is r-invariant, we obtain V 2 = a~ 2 idM, hence the corresponding 3n- 
display is a display. Let Rm be the ring defined in (4.17.1). By base change we obtain a 
display Vm = {Pm, Qm, F, V~ v ) over R M with 

P M = M® W{¥ 2) W(R M ), 



Qm= {ei,h,e z ) W ( RM) @I RM {fi,e 2 ,h)w(RM) c p M (4.25.1) 

and induced F and V~ x ([Zi2] Def. 20). The display Vm is equipped with an action of 
Oe, i-e., a Z/2Z-grading 

= Pm,o © ^M,l 

= (ei, e 2 , e 3 )vK(i? M ) © /2, h)w{R M ) 

and an induced grading Qm = Qm,o © Qm",i- The perfect alternating form (•, •) on M 
induces a perfect alternating form on the display Vm, i-e., a perfect alternating form 

(-,-) :PmxPm^W{R m ) 

such that ^((^(ari), V -1 (x 2 )» = (xi,x 2 ) for all x ± ,x 2 in Q M ([Zi2] Def. 18). 

Let Am = % © Q and denote by (N M , F) the isodisplay of Vm (4.24). As R M is 
reduced (Prop. 4.19), the morphism Pm ^ Am is injective and we obtain a Z/2Z-grading 
and a perfect alternating form on Nm- As in 4.24, we denote by V^ 1 the operator p~ 1 F 
on ./Vm. 

4.26. We now construct a display V over Rm together with a quasi-isogeny p : V — ► Pm 
such that T 3 is equipped with all the data of A/"o- Then by base change this display will 
define a morphism Tm — > A/"o (4.28). 

Let Q = — Aj / u~ 1 aj. Consider the following elements of Am analogously to 4.12 

ei = ei - [x]e 2 + ([£ a? A?] - [x^ 1 ])p- 1 e 1 + ([£ af/xf] - [xy^p'^s (4.26.1) 

j=0 i=0 

e 2 = e 2 + [x p ]p- 1 e 1 + [y^p^e^ (4.26.2) 

e 3 = e 3 - [z/]e 2 + ([£ cf A ?] " \* P y])p- l zi + (E «1 " [V^p-'es (4.26.3) 
i=0 i=0 

p p 



h = h~ [x p }p- 1 f2 ~ £ «f Aflp- 1 /! - E «f ^rV^-Va (4.26.4) 

i=0 j=0 

/ 2 = / 2 + N/i + [y]/ 3 (4.26.5) 

h = fs- W\p- 1 f2 - E cf A^- V7i - E «b _1 /3- (4.26.6) 



i=0 i=0 
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If we identify Rm,% with Ri via rj-i as in (4.17.2), we obtain over Rm,i the elements of 4.12 
up to a Frobenius twist. 

Let P = Pq © P\ C Nm be the module given by 

P o = (ei,e 2 ,e 3 )w{R M ) (4 26 7) 

Pi = {h,h,h)w{R M )- 

Denote by Q the submodule Q = (e 1: f 2 , h)w{R M )® I R M (/i> ^2,h)w{R M ) of P - We defme 
a morphism 

p' : P - V M 

h !->■ pej 

Proposition 4.27. T/ie top/e P := (P, Q, F, F" 1 ) is a subdisplay of the isodisplay Nm- 
It is invariant under the action of Oe and satisfies the determinant condition of signature 
(1, 2). The module P is free of rank 6 and the form (•, •) is given by the matrix 



h 

-h 



(4.27.1) 



with respect to the above basis of P. 

The morphism p' is a quasi-isogeny of height 6 of displays with C>E-action such that 
for all x±,X2 £ V we have {p'(x±), p'{x2)) = p 2 {xi,X2). 

Proof. The display V is ©^-invariant because the Z/2Z-grading on Nm induces the Z/2Z- 
grading P = Pq © P\ and a Z/2Z-grading Q = Qq © Q\. To show that V is a subdisplay 
of Nm, we have to prove that P is invariant under F and that V~ 1 Q C P. Consider 

L = {h,f2-,h)w{R M ) 
T = {h,e2,h)w{R M )- 

We will show that P = L © T is a normal decomposition of P. It is sufficient to prove 
that FT C P and V _1 L C P. 

As an example we will check that V~ l (e\) € P. The other inclusions can be proved 
by a similar calculation. By (4.26.1) we have 

v-^h) = h- [x p ]p~ 1 f2 + (Eof\] - [^ +1 )]) P -7i + (LY>f m] - [aW 1 7s- 

i=0 i=0 

By (4.26.4) we obtain 

V- l {h) = fi + ([£«] + [Y j af\ t ] - [x^])p^h 
i=0 i=0 

+ (EA^'wi + LX>f ^ - [zv 2 Dp-7 3 . 



i=0 i=0 



44 



Now an easy calculation using the relations of Rm (4.17.1) shows that 



p p 



V~\ei) =h + + [j^afXi] - [x^])p^h 



i=0 i=0 



P P 



j=0 i=0 



By definition of Rm (4.17.1) we know that 



p p 



M 



i=0 i=0 
P P 



i=0 j=0 



hence their images under <r are elements of pW(i2jvr)- Thus F _1 (ei) € P. 

The following statements follow by a straightforward calculation. The matrix of (-, ■) 
on P with respect to the basis in (4.26.7) is given by the matrix 



hence the form is perfect on P. As det(ei, eb, S3, /1, J2, /3) = 1, the module P is free of 
rank 6. We have p'(Q) C Qm, hence // is a quasi-isogeny. The height of p' is equal to 6. 

To prove the determinant condition of signature (1, 2), note that Q/Iji m P is isomorphic 
to the dual of the Lie algebra of the corresponding p-divisible group. By construction the 
dimension of Qq/Ir m Pq is equal to 2 and the dimension of Q\j '1r m P\ is equal to 1, hence 
the determinant condition is satisfied. □ 

4.28. Let Vm be the display over Rm of the p-divisible group X of 1.2. Denote by pm '■ 
Vm — ► Pm the quasi-isogeny of height induced by the two lattices M and M in N. Let 
p = p~ l pM p' '■ P —> Pm- Then by Proposition 4.27, the morphism p is a quasi-isogeny 
of height of polarized displays. The pair (P, p) defines by base change a morphism 



Here we denote again by Tm the corresponding scheme over ¥ p . By construction of the 
display P of Proposition 4.27, the morphism <&m depends on the choice of the basis 
ei, ...,/3 of M. We denote by &M,i the restriction of &m to the irreducible component 
Tm,i of Tm- 

Let £ be a /c-rational point of Tm,% and let (a, x, y) £ /c p+3 be the coordinates of £ with 
o = (ao, ■",<%>)■ We have ctj = for j 7^ i and y = X~ 1 fiiX. We identify Tm,; with Tj via 
the isomorphism rji of (4.17.2), i.e., the element £ corresponds to (cii,bi) with 6j = xA^ 1 . 
Consider the set Sm,<tU) (&) C V(A <7 ( i ))(fe) as in 4.12 and consider the relative Frobenius 




(4.28.1) 



Fr TM ,, : T M ,j -> ^(i) (Rem. 4.9). 
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Lemma 4.29. On k-rational points <&M,i induces a bijection between Tm,i and SM,a(i)(k), 

$M,i : T Mti (k) -> S MMi) (k) (4.29.1) 
(oi,6i) h-» M a P 



i.e. j we have on k-rational points 

*M,i = *M,*(i) (*0 o Ft Tm . . (4.29.2) 

In particular, the morphism &m,% is universally injective. 

Proof. Denote by (V^,p^) the image of £ under &m- If £ is equal to zero, i.e., a = and 
x = y = 0, then (P^, pg) is equal to the superspecial point M. 

If we compare the formulas for P^ in 4.26 with the formulas of M a P yp € S M c u\ (k) in 
4.12, we find that P^ = M a P b p as sublattices of the isocrystal N^. Therefore, &M,i is given 
by (4.29.1) and is equal to the composition ^M,a(i) ° ^ T T M t (Prop. 4.13). As F?t m t and 
^M,a(i) are universally bijective on fc-rational points, the morphism (4.29.1) is universally 
bijective. □ 

Proposition 4.30. The morphism &m is universally injective and the tangent morphism 
at each closed point is injective. 

Proof. By Lemma 4.29 the morphisms &M,i are universally injective for each i. The 
Frobenius induces a bijection on the set J of 4.7, hence A^ / ^-a(j) f° r * 3- By 
Lemma 4.6 and 4.3, we obtain V(A a ^)(k) n V(A a ^)(k) = {M}. Therefore, the images 
of two irreducible components of Tm intersect only at the superspecial point M. This 
proves that <&m is universally injective. 

Now we want to show that ^ is injective on tangent spaces. Let £ be a /c-rational point 
of Tm and let (V^,p^) be its image under <&m- We know that (V^,p^) has no nontrivial 
automorphisms. Let a, (3 be two elements of the tangent space of Tm at £. We denote 
by {Pa, Pa) and (Vp,pp) the images of a and (3 under $m respectively. We assume that 
<&M{ot) = $m{@)- Then there exists an O^-linear isomorphism (p : V a ^ Vp of polarized 
displays such that p a = 92 o pp. We have to show that a = [3. 

By (4.26.7) the modules P a and Pp are graded VF(&[e])-modules. As <p is O^-invariant, 
it preserves the grading. We denote by e a ^, f a ^ the basis of V a as in (4.26.7) and similarly 
for Vp. With respect to these bases, tp is given by a matrix 

B ) e GL 6 (W(fe[e])). (4.30.1) 

The polarizations on P a and P^ with respect to the above bases are given by the matrix 
(4.27.1). As (p respects the polarizations, we obtain t AB a = t BA a = 1%. Thus A = A° 2 

2 

and B = B a . In particular, the matrices A and B do not depend on e, i.e., A and B 
are elements of GL 3 (W(A;)). As V a ® W {k[e]) W{k) ^ P f and Vp ®w(k\e\) W(k) ^ P f , the 
base change of the isomorphism 92 induces an isomorphism Tp of Since A and P do 
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not depend on e, the morphism Tp is given by the matrix (4.30.1). Since iV^^p^) has no 
nontrivial automorphisms, this shows that A = B = 1%. 

Now let (a, x, y) G k p+3 be the coordinates of £. The computation of the tangent space 
of Tjvf (Prop. 4.18) shows that dai = for i = 0, ...,p. Thus the coordinates of a and (3 
are given by (a,x a ,y a ) and (a,xp,yp) in (/c[e]) p+3 with 

x a = xp = xmod(e), 
y a = y/3 = ymod(e). 

Since (p is equal to the identity, we obtain that f a ,2 = f/3,2, hence x a = xp and y a = yp. 
Therefore, a = f3 which proves the claim. □ 



5 The global structure of N red for GU(1, 2) 

5.1. We use the notation of Section 4. In this section we will construct a scheme T by 
gluing together open subsets of the varieties Tm for every superspecial point M G . 
We will prove that T is isomorphic to the supersingular locus A/"g erf . 

As the intersection behaviour of the sets V(A)(k) is given by the simplicial complex 
Bo of Section 3, we will inductively glue together the varieties Tm using the complex Bo. 
For A G Cq^ we will for simplicity write A instead of {A} for the corresponding vertex of 
A in Bo- 

As in 1.10, let C be the Q p 2-vector space Nq with perfect skew-hermitian form {•, •}. 
Denote by G the unitary group of (C, {•, •}) with respect to the extension Q p 2/Q p . 

Lemma 5.2. Let M ^ M' be in such that the corresponding vertices in Bo have a 
common neighbour A (3.4)- Then there exists an element g G G(Q P ) such that gM = M' 
and such that A is invariant under g. 

Proof. Let Q be the unitary group of (A, {•, •}) with respect to Z p 2/Z p . Then G is isomor- 
phic to the generic fibre of Q. Let V = A/pA and let 7r : A — > V be the natural projection. 
Then Q^ p is equal to the unitary group of (V, (•, •)). Since Q is smooth over SpecZ p , the 
canonical map ip : C?(Z P ) — > (?(F p ) is surjective. As A is a common neighbour of M and 
M', the lattices M and M' are contained in V(A)(F p 2) (Prop. 3.5). They correspond 
to subspaces U, U' of V of dimension 2 satisfying U L C U and (J7')" 1 c ^' respectively. 
As (•, •) is a nondegenerate skew-hermitian form on V, there exists an element ~g G Q(^ P ) 
with 5(C/) = U'. Let 5 be a lift of g in ^(Z p ). As M = 7r -1 (I7) and M' = ^(W), the 
automorphism g of A satisfies the claim. □ 

5.3. Let M,M',A and g be as in Lemma 5.2. We fix a basis ei,...,/3 of iVf as in 
Lemma 4.4. Then A is equal to A, for some i with < i < p. We define 

e'j = gej for j = 1,2, 3, 

f 3 =F-\ge 3 ) fori = 1,3, (5.3.1) 

/^-'(pste)). 

Let e A i!W =P" 1 (Mei + k]e' 3 ) and let A^ = (ei , e' 2 , e' 3 , e' A . >w ) . 
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Lemma 5.4. The elements e[, ---,f^ form a basis of M' which satisfies the conditions of 
Lemma 4-4- Furthermore, A is equal to A-. 

Proof. This follows from Lemma 5.2. □ 

5.5. For M G consider the affine variety Tm and its closed subvarieties Tm,i as in 
4.17. Geometrically, we will glue to each F p 2-rational point of Tm a variety T M ' such that 
Tm,% and T M i j coincide on the open subsets of non-F p 2 -rational points. We will prove 
that the scheme T obtained by iterating this process is isomorphic to A/"o ed . 

Let 

Tm = Tm \ {F p 2 -rational points / 0}. 

It is an open subvariety of Tm- Denote by Tm,% the intersection of Tm,i with Tm- Then 
Tm,! is a closed subvariety of Tm- Furthermore, let 

T Mi = T M ,i \ {0} = T M ,i \ {F p2 -rational points}. 

We will always identify Tm,% with T L via (4.17.2). Then the variety T Mi is equal to 
T° = Spec R° with 

R° = F p2 K b t , (of" 1 - l)- 1 ,^- 1 - lrW*? + - (5-5.1) 
where we denote by Oj, bi instead of a, b the indeterminates of Ri. 

5.6. We will now inductively glue together the varieties Tm with M £ .Cq 1 '* along the 
open subsets T Mi . We choose a starting point M G £q^. ^or ea ch M G £q^, we denote 
by um the distance of M to Af (Rem. 3.9). Let I be the set of pairs (Af , Af') such that 
Af , Af' G an d suc h that Af and M' have a common neighbour A. We assume that 
UM < U M' • 

For the rest of this section we fix the following elements. For each (Af , M') G X, 
we choose an element g G G(Q P ) such that g{M) = Af' and g(A) = A, where A is the 
common neighbour of Af and M' . We choose a basis of Af as in Lemma 4.4. For each 
Af G we choose inductively a basis e±,...,fs of M which satisfies the conditions of 
Lemma 4.4 such that for each (Af, Af') £ X the chosen basis of M' is given by (5.3.1). 
This is possible as Bq is a tree by Proposition 3.8. 

For M G £q^ consider the morphism <5jvr : ?m — * A/"o ed of (4.28.1) with respect to 
the fixed basis e\,...,fs of M. We denote by the same symbol &m its restriction to Tm- 
Let &M,i be the restriction of <&m to Tm,{- 

Let (Af , Af') G I and let the common vertex A of Af and M' be of the form A = Aj 
with respect to the chosen bases of Af and Af'. 

Lemma 5.7. There exists an isomorphism 6 g : T Mi — > T M , . such that the restriction 
of the map ^>M,i{k) of (4.12.3) to T Mi (k) is equal to $>M',i( k ) °®g- 
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Proof. Denote by Y£. the open subvariety of , 

Y£. = Y\ { \ {¥ p 2 -rational points}. 
Then the morphism (4.12.2) induces by Remark 4.11 a) an isomorphism 



$M,1 



rriO 



and similarly for 5 M > ti . Note that 5m,i and o~m' ,i depend on the chosen bases of M and M' 
respectively. We use the notation of the proof of Lemma 5.2. The element (g)^ 1 € £?(F P ) 
induces an isomorphism on Y\ t which preserves the set of ¥ p 2 -rational points. There exists 
an automorphism g of T° such that the following diagram of isomorphisms commutes 



yo id) t^o 9 \ro 




rpo 9 rpo 

i 1 i 



The above triangle commutes by definition of g and the choice of the basis of M'. Thus 
<W,i = &M',i ° Og- As ^Mi an< ^ ^m' i are ec l ua l to T° by 5.5, we obtain an isomorphism 

□ 



^M' i ^ ne c l aim follows from diagram (4.12.3). 
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(p) 

Proposition 5.8. Let 9 g be the Frobenius pullback of the isomorphism 6 g of Lemma 5.7. 
Then the diagram 

rpo 

± M,cr(i) 




rpo 



commutes. 



Proof. It is sufficient to prove the claim on fe-rational points. Lemma 4.29 shows that on 
/c-rational points &M,a(i) 1S equal to ^M,i(k) o Fr^ . Similarly, we obtain &M',a(i) = 

^M',i( k ) ° Fr r° , -As 6>J p) is defined over Fp2, we obtain 



Fr T o e { P ] = 9„o Fr T o 

M',<t(») 9 J 1 M,a(i) 



Thus 



and the claim follows from Lemma 5.7. 



□ 



Proposition 5.9. There exists a reduced scheme T locally of finite type over F p 2 of di- 
mension 1 and a morphism 



(5.9.1) 



$ : T 

which satisfies the following conditions. 

a) For each M £ the scheme Tm can be identified with an open subscheme of T 
such that the restriction of & to Tm is equal to <&m- 

b) The open subschemes Tm with M € form an open covering of T . 

c) Let M, M' £ . The open subschemes Tm and T M > of T intersect if and only if 
M and M' have a common neighbour in £>o . In this case, there exists an integer i 
such that the intersection Tm H T M ' is equal to the open subschemes T M i and T M , { 
°f and T M ' respectively. 

Proof. We glue the schemes Tm together along the open subsets T M i by induction over 
the distance um of M from M . Let a be an even nonnegative integer. Assume that 
the schemes Tm with M of distance um < ct have been glued together to a scheme T a 
with morphism <3? Q which satisfies condition a) and the condition corresponding to c) of 
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the proposition. Let M' G be of distance a + 2. As Bo is a tree, there exists exactly 
one element M € of distance a such that M and Af' have a common neighbour A 
in Bo. Let A = Aj with respect to the chosen bases of M and M' . We glue together T a 
and T M > along the open subschemes a ^ and Tf^, ,^ respectively via the isomorphism 

#g of Proposition 5.8. The same proposition shows that the morphisms $ Q and <&m glue 
together to a morphism. 

As Bo is a tree and the glueing is defined inductively, no cocycle condition has to be 
checked. □ 

5.10. For A € cf 1 let M € be a neighbour of A in B . Let A = A; with respect to 
the chosen basis of M. Denote by T\ the closure of the open subvariety Tm,% in T. 

Proposition 5.11. The variety 7a only depends on A and is isomorphic to Y\. The 
scheme T is connected and the varieties 7X with A G are its irreducible components. 

Proof. As Bo is a tree, the scheme T is connected. The claim follows from the construction 
of T. □ 

5.12. Denote by <&a the restriction of <I> to the irreducible component T\. As 7X is 
isomorphic to Ya by Proposition 5.11, it is projective. By construction and Lemma 4.29, 
the morphism <1>a is universally injective and the image of ^a on fc-rational points is equal 
to V(A)(k). The moduli space Afo ed is separated (1.1), hence $a is finite. We denote by 
V(A) the scheme theoretic image of <3?a- To show that $a induces an isomorphism onto 
V(A), we need the following lemma. 

Lemma 5.13. Let f : X — > X' be a morphism of reduced schemes of finite type over an 
algebraically closed field k. We assume that f is finite, universally bijective and that the 
tangent morphism is injective at every closed point. Then f is an isomorphism. 

Proof. Obviously, the morphism / is a homeomorphism. We will show that 

is surjective for every closed point x of X. Then / will be a closed immersion and, as X' 
is reduced, / will be an isomorphism. 

We may assume that X = Spec R and X' = Spec R' are affine. Denote by m a maximal 
ideal of R and by m' = f(m) its image in R' . The morphism 

fx , : Spec(R ®# R' m ,) -> Specif (5.13.1) 

is finite, hence R <Sir' R' m i is a semi-local ring. As f R > / is universally bijective, R <S>r' R' m , 
is a local ring and we obtain R m = R <S>r> R' m ,. Thus R m is a finite ii^-module. 
Furthermore, the tangent morphism at m is injective, hence the morphism 

m7(m') 2 ^> m/m 2 

is surjective. We obtain a surjective morphism R' , R m . Since R m is a finite ii^-module, 
Rm = Rm ®R' R'm!- Therefore, the morphism /* : R' , — > R m is surjective. □ 
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Theorem 5.14. The morphism $ is an isomorphism which induces an isomorphism of 

(3) 

7a onto V(A) for every A G Cq . 

Proof. By Proposition 4.30 and Proposition 5.9, the tangent morphism of <I>a is injective 
at every closed point. Therefore, the morphism $a induces an isomorphism of T\ onto 
V(A) by Lemma 5.13. 

Now we will prove that 3> is an isomorphism. By construction of <I>, the F p 2-rational 
points of T correspond to the superspecial points of Mq ed and the intersection behaviour of 
the varieties V(A) is equal to the intersection behaviour of the irreducible components T\ 
of T. Thus is universally bijective and the varieties V(A) are the irreducible components 
of A/"o e<i . We obtain that is an isomorphism locally at every point of T which is not 
F p 2 -rational. 

Let x be an F„2-rational point of T and let M = <J>(x) be the corresponding super- 
special point. The variety Tm is an open neighbourhood of x in T. Denote by Tm the 
closure of Tm in T and denote by Zm the image of Tm under i.e., the union of the 
varieties V(A) which contain M . The induced morphism 

®\t m ' T M Z M 

is bijective and injective on tangent spaces by Proposition 4.30 and Proposition 5.9. The 
morphism $It= is universally closed as its restriction to every irreducible component 
is finite, hence ^\q= M is finite. By Lemma 5.13 it is an isomorphism which proves the 
claim. □ 

5.15. Let i be an even integer and let A £ C\ . The isomorphism : Mi — ► Mq of 
(1.22.1) maps V(A){k) to a set V(A')(k) for a lattice A' G £j, 3) (Rem. 2.4 d)). We denote 
by V(A) the preimage of the variety V(A') by ^j. 

Theorem 5.16. The schemes Af[ ed with i £ Z even are the connected components of 
j\fred wn j^ cn are a n isomorphic to each other. The varieties V(A) with A € cf^ are the 
irreducible components ofAf[ ed . 

The singular points of J\f red are the superspecial points. Each V(A) contains p 3 + 1 
superspecial points and each superspecial point is the intersection ofp+1 irreducible compo- 
nents V(A). Two irreducible components intersect transversally in at most one superspecial 
point and the intersection graph of J\f[ ed is a tree. 

Each variety V(A) is isomorphic to the Fermat curve C (Rem. J^.ll) '. The superspecial 
points ofV(A) correspond to the ¥ p 2 -rational points of C. 

The scheme M red is equi- dimensional of dimension 1 and of complete intersection. 

Proof. We first consider the case i = 0. The incidence relation of the varieties V(A) 
follows from Proposition 3.8. The geometric statements follow from Theorem 5.14, Propo- 
sition 5.11 and Lemma 4.23. 

Now consider the general case. By 5.15 the varieties V(A) with A G C^p correspond to 
the varieties V(A) with A G Cq ^ under the isomorphism ^ j. The claim follows from the 
case i = 0. □ 
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6 The structure of the supersingular locus of M. for GU(1, 2) 



6.1. Let Ai be the moduli space of abelian varieties denned in the introduction. In this 
section, we carry over our results on the moduli space N to M. in the case of GU(1, 2). 

We use the notation of the introduction. In particular, we now denote by E an imagi- 
nary quadratic extension of Q such that p is inert in E and denote by E p the completion 
of E with respect to the p-adic topology Consider the supersingular locus M ss of the 
special fibre A^F p2 of M. It is a closed subscheme of M^ p2 which contains an F p -rational 
point ([BW] Lem. 5.2). We view M ss as a scheme over ¥ p . We say that a point of M ss is 
superspecial if the underlying abelian variety is superspecial. Let {A®i"L^, i(g>z^( p ) ; A, 77) 
be an ¥ p - valued point of M ss with corresponding p-divisible group (X, t, A). Let M be the 
moduli space of quasi- isogenies of 1.1 with respect to (X, l, A). 

6.2. Let J be the group of similitudes of the isocrystal N of X with additional structure 
as in 1.19. We denote by I(Q) the group of quasi-isogenies in Endo E (A) ® Q which respect 
the homogeneous polarization A. It is a subgroup of J. Using the level structure of A, one 
can define an injective morphism of I(Q) into G(A P C ) ([RZ] 6.15). By [RZ] Theorem 6.30, 
the set I(Q)\G(A P c)/C p is finite. Denote by gi,---,g m £ G(A^) representatives of the 
different elements of I(Q)\G(A P C )/C P . For every integer j with 1 < j < m, let Tj be the 
group 

r j = i(q)ng- 1 cp 9j . 

We view Tj as a subgroup of J. 

6.3. We recall the uniformization theorem of Rapoport and Zink in case of GU(1, 2). We 
will formulate this theorem only for the underlying schemes, not for the formal schemes. 

There exists an isomorphism of schemes over SpecF p 

I(Q)\{M red x G(A p f )/C p ) M ss . (6.3.1) 

The left hand side is isomorphic to the disjoint union of the quotients Tj\M red for 1 < j < 
m. Each group Tj C J is discrete and cocompact modulo center. If C' p is small enough, 
Tj is torsion free. 

Indeed, the proof of [RZ] Theorem 6.30 shows that (6.3.1) is an isomorphism if G 
satisfies the Hasse principle, i.e., if the kernel of the Hasse map with respect to G, 

H^G)- Rl (Qv,G), (6.3.2) 

v place of Q 

is trivial. By [Ko2] Section 7, the kernel of (6.3.2) is equal to the kernel of the Hasse 
map with respect to the group Res E /Q,(O m ). But H 1 (Q, Kes E /Q(G m )) is trivial, thus 
Res£yQ(G m ), and hence G, satisfies the Hasse principle. 

The decomposition into the schemes Fj\Af red follows from the proof of [RZ] Theo- 
rem 6.23. The properties of the subgroups Tj are proved as well. 
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6.4. Let J° be the subgroup of J as in 1.19 and denote by T° the intersection of Tj with 
J°. Consider the morphism 

m 

* : ]jM red ^M ss (6.4.1) 

3=1 

induced by (6.3.1). 

Theorem 6.5. Let C' p be small enough. The morphism ^ is surjective and an isomor- 
phism locally at each point. The restriction of ^ to each irreducible component V(A) of 
M red is a closed immersion and the images of two irreducible components of N red in Mt ss 
intersect in at most one superspecial point. 

Proof. By 6.3 we have to show that 

*j : M red -» Tj\N red (6.5.1) 

is an isomorphism locally at each point for every integer j with 1 < j < m. We use the 
notation of 1.19. Let g E J and let a = v p (c(g)). By 1.19 the action of g defines an 
isomorphism of Mi with A/i+ Q for every integer i. Note that a is even (Lem. 1.20) and 
that Mi is empty if i is odd (Lem. 1.9). The schemes M[ ed with i even are the connected 
components ofM red (Thm. 5.16) which are all isomorphic to each other (Prop. 1.22). Thus 
we obtain 

Fj\M red JJ r°\A^ ed . (6.5.2) 

(TjJ°)\J 

In particular, the index of (TjJ ) in J is finite as A4 SS is of finite type over SpecF p . 

We now want to understand the action of T° on Mo ed . As in 1.19, we view J as group 

of similitudes of (C, {•, •}). For 1 = 1,3 the group T° acts on the set (Def. 2.3). We 

will show that the action of on has no fixed points. 

Indeed, for A G C$ denote by Stab(A) the stabilizer of A in J°. This is a compact 
open subgroup of J°, hence r^nStab(A) is finite. If C p is small enough, T° has no torsion. 
Thus the intersection of with Stab(A) is trivial. 

We have proved that each element of maps every irreducible component V(A) of 

A/"o erf with A £ onto a different irreducible component. Furthermore, it fixes no 

superspecial points. As two irreducible components of MQ ed intersect in at most one 
superspecial point, the action of T° on MQ ed has no fixed points. Thus the morphism 
A/"o erf — > r^\A/"o erf is an isomorphism locally at every point. 

The action of on and induces an action of on the simplicial complex 
Bo of Definition 3.2. As £>o describes the incidence relation of the irreducible components 
and the superspecial points of A/"o ed , we can choose C p small enough such that for every 
9 G and every A <G Cq the distance u(A,gA) (Rem. 3.9) is greater or equal than 6. In 
this case, the restriction of the morphism MQ ed — > F^Mq^ to every irreducible component 
is a closed immersion and the images of two irreducible components of TVq 6 ^ in T®\MQ ed 
intersect in at most one point. This proves the theorem. □ 
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Corollary 6.6. Let C p be small enough. The supersingular locus M ss is locally isomorphic 
to J\f red . It is equi- dimensional of dimension 1 and of complete intersection. 

The singular points of M ss are the superspecial points. Each superspecial point is the 
pairwise transversal intersection of p + 1 irreducible components. The irreducible compo- 
nents are isomorphic to the Fermat curve C (Rem. J^.ll) and contain p 3 + 1 superspecial 
points. Two irreducible components intersect in at most one superspecial point. 

Proof. The claim follows from Theorem 6.5 and Theorem 5.16. □ 

Proposition 6.7. Let Cj )P and C' Jp be maximal compact subgroups of J such that Cj tP 
is hyperspecial and C' Jp is not hyperspecial, i.e., Cj :P is the stabilizer in J of a lattice 

A £ and C' Jp is the stabilizer in J of a lattice M € £q^. // C J ' P is small enough, we 



All numbers are finite. 

Proof. All numbers are finite as Ai ss is of finite type over SpecF p . 

The number of connected components follows from 6.3 and the decomposition (6.5.2) 
since Ao" ed is connected. 

To compute the number of irreducible components and superspecial points, we have 
to count these objects in r°\Ao* ed . The number of irreducible components is equal to 

the number of orbits of the action of V® on . The group J° acts transitively on 

>Cq^ by Lemma 1.17, hence the number of irreducible components of T®\NQ ed is equal to 
#(Tj\J°/Cj :P ). An easy calculation shows the above formula. 

A similar argument proves the claim in case of the superspecial points. □ 

Remark 6.8. The numbers in Proposition 6.7 can be expressed in terms of class numbers. 
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